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SUMMARY 

S u p e r c a v i t a t i n g  flows abou t  axisymmetric bod ie s  a t  z e r o  and s m a l l  
angles  of a t t a c k  are of w i d e  p r a c t i c a l  importance. These flows a r e  no t  
S O  amenable t o  t h e o r e t i c a l  t r e a t m e n t  as the  p l ane  f lows ,  because t h e  
conformal mapping technique i s  n o t  a v a i l a b l e  i n  axisymmetric and t h r e e -
dimensional f lows. Approximate methods must t h e r e f o r e  be adopted f o r  
t he  f r e e  s t r e a m l i n e  a n a l y s i s .  

I n  t h i s  s t u d y  an  i n t e g r a l  equa t ion  has been a p p l i e d  t o  c a l c u l a t e  
t he  f r e e  s t r e a m l i n e  flow behind axisymmetric bodies  a t  z e r o  and small  
angles  of a t t a c k .  The problem could be reduced t o  t h e  s o l u t i o n  of t he  
mixed boundary v a l u e  problem of p o t e n t i a l  t heo ry  w i t h  t h e  a d d i t i o n a l  
cond i t ion  t h a t  a s p e c i f i e d  v e l o c i t y  s h a l l  be a t t a i n e d  along t h e  f r e e  
s treaml i n e  . 

1. INTRODUCTION 

The f low f i e l d  about  a body of r e v o l u t i o n  i s  u s u a l l y  determined by 
p l ac ing  s i n g u l a r i t i e s  a long t h e  a x i s  of symmetry. Rankine [ l ]  w a s  thus  
a b l e  t o  c a l c u l a t e  f a m i l i e s  of bodies  by d i s t r i b u t i n g  p o i n t  sou rces  of 
v a r i a b l e  s t r e n g t h s  on t h e  a x i s .  This method w a s  l a t e r  improved by 
Taylor [2]  and Fuhrmann [3 ] .  Many yea r s  l a t e r ,  Weinstein [ 4 ]  app l i ed  
s u r f a c e  s i n g u l a r i t i e s  t o  determine the  flow f i e l d s  about  o b s t a c l e s  such 
as r i n g s ,  d i s k s ,  and c y l i n d e r s .  Fu r the r  c o n t r i b u t i o n s  t o  t h e  i n d i r e c t  
problem, i n  which t h e  sou rce  s t r e n g t h  i s  given and t h e  corresponding 
body shape i s  sought ,  w e r e  made by Van Tuyl [5 ]  and Sadowsky and 
S te rnbe rg  [6 ] .  

The d i r e c t  problem, where t h e  contour  of t h e  body i s  g iven  and the  
corresponding s t r e n g t h  of t h e  sou rces  i s  t o  be determined,  w a s  f i r s t  
solved by von KGrmSn [ 7 ]  w i t h  a n  a x i a l  d i s t r i b u t i o n  of s i n g u l a r i t i e s  
f o r  t h e  z e r o  and f i n i t e  a n g l e - o f - a t t a c k  case .  Lotz  [8] probably 
publ ished the  f i r s t  method us ing  s u r f a c e  s i n g u l a r i t i e s ;  however, b e f o r e  
t h a t ,  T r e f f t z  [ 9 ]  had used a n n u l a r  sou rces  t o  c a l c u l a t e  t h e  c o n t r a c t i o n  
c o e f f i c i e n t  of t he  vena c o n t r a c t a .  L a t e r ,  R iege l s  [ l o ]  extended the  
method of r e f e r e n c e  8 and a p p l i e d  i t  t o  bodies  of r e v o l u t i o n  t ha t  



d e v i a t e  s l i g h t l y  from r o t a t i o n a l  symmetry. A l l  of t h e s e  methods d e a l t  
w i t h  D i r i c h l e t  flows t h a t  do n o t  permi t  t h e  c a l c u l a t i o n  of any drag 
f o r c e .  

The Helmholtz flow concept ,  s i n c e  i t  enabled the  aerodynamic is t  t o  
c a l c u l a t e  a d rag  c o e f f i c i e n t ,  meant an improvement. Over t h e  y e a r s ,  a 
tremendous amount of l i t e r a t u r e  on t h e  two-dimensional Helmholtz-flow 
has accumulated. The f i r s t  approximate s o l u t i o n  of t h e  axisymmetric 
problem w a s  publ i shed  by Bauer [ll],  who app l i ed  an a x i a l  d i s t r i b u t i o n  
of sou rces  t o  de te rmine  t h e  drag of a sphe re .  However, t h i s  method is  
n o t  we l l  s u i t e d ,  s i n c e  the  flow f i e l d  i s  everywhere continuous except  
on t h e  as i s .  The re fo re ,  the  proper  d i s c o n t i n u i t i e s  cannot be d u p l i c a t e d  
a t  the  s e p a r a t i o n  p o i n t  of t h e  flow. 

Consequently, A r m s  t rong and Dunham [12] app l i ed  a s u r f a c e  d i s t r i b u ­
t i o n  and devised  an i t e r a t i v e  scheme t o  de te rmine  t h e  proper l o c a t i o n  of 
t h e  f r e e  s t r e a m l i n e .  However, r e s u l t s  c a l c u l a t e d  w i t h  t h i s  method were 
never publ i shed .  The f i r s t  numerical  r e s u l t s  f o r  a d i s k  placed normally 
t o  the  s t r eam were g iven  by Garabedian [13] .  

I n  t h i s  r e p o r t ,  the  method of R iege l s  [ l o ]  i s  extended t o  t h e  
Helmholtz-flow concept.  The s u r f a c e  of t h e  forebody and the f r e e  
s t r e a m l i n e  a r e  r ep laced  by s u r f a c e  s i n g u l a r i t i e s .  The l o c a t i o n  of the  
f r e e  s t r e a m l i n e  m u s t  be assumed f o r  the  f i r s t  i t e r a t i o n .  The f i n a l  
proper  l o c a t i o n  must be obta ined  by an i t e r a t i o n  t h a t  s a t i s f i e s  c e r t a i n  
s p e c i f i e d  boundary c o n d i t i o n s .  The problem c o n t a i n s  a t  l e a s t  one param­
e t e r  f o r  a forebody w i t h  f i x e d  s e p a r a t i o n ,  p r o b l h e  d u  s i l l a g e ,  the base  
p r e s s u r e  CpB r i g h t  behind the  s e p a r a t i o n  p o i n t ,  which i s  assumed t o  be 
c o n s t a n t  a long  the remainder of the s t r e a m l i n e .  However, i f  the flow 
s e p a r a t e s  from a smooth body, f o r  example, a sphere or  e l l i p s o i d ,  the  
problem w i l l  have one a d d i t i o n a l  parameter ,  the  s e p a r a t i o n  p o i n t  SB, 
problame de l a  proue. I n  c a v i t a t i o n a l  f low,  t h e  base  p r e s s u r e  i s  
approximate ly  equal  t o  the  vapor p r e s s u r e  of t h e  l i q u i d ,  and the  p re s ­
s u r e  i s  c o n s t a n t  throughout the  cavity.  For wake flow, t h e  base p r e s s u r e  
must be obta ined  from exper imenta l  da ta ,  and the  assumption t h a t  the  
p r e s s u r e  i s  c o n s t a n t  along the wake i s  q u e s t i o n a b l e .  Boundary l a y e r  
theory  can be app l i ed  t o  determine t h e  s e p a r a t i o n  p o i n t .  

A new l i n e a r i z e d  model i s  developed f o r  the l i f t i n g  body. The 
assumption of the Helmholtz-flow is  a l s o  v a l i d  f o r  t h i s  model. The 
p r e s s u r e  w i t h i n  t h e  sepa ra t ed  c a v i t y  remains c o n s t a n t ,  and a d d i t i o n a l  
p r e s s u r e s  due t o  the  normal flow a r e  equa l i zed  a c r o s s  the circumference 
of the  c a v i t y ,  thus causing the l o c a l  normal f o r c e  along the c a v i t y  t o  
van i sh .  The c a v i t y  is  t h e r e f o r e  s h i f t e d  t o  an asymmetrical  l o c a t i o n  
t o  s a t i s f y  t h e  n o - l i f t  cond i t ion .  
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I 1. THE D IFFERENT CAVITY OR WAKE MODELS 

Severa l  f r e e  s t r e a m l i n e  models d i scussed  i n  t h i s  c h a p t e r  w i l l  be  
compared w i t h  t h e  o r i g i n a l  Helmholtz-Kirchhoff c l a s s i c a l  model. The f o u r  
models a r e  a l l  c h a r a c t e r i z e d  by the  f a c t  t h a t  t h e  t a n g e n t i a l  v e l o c i t y  VT 
along t h e  f r e e  s t r e a m l i n e  i s  g r e a t e r  than t h e  approach v e l o c i t y  U,. 

For the  Helmholtz-Kirchhoff model, o r  i n f i n i t e  c a v i t y  model, t he  
base  p r e s s u r e  Cpg is  ze ro ,  and consequent ly  the  c a l c u l a t e d  drag i s  less  
than  the  d rag  observed i n  experiments .  To c o r r e c t  t h i s  d e f i c i e n c y ,  
h ighe r  v e l o c i t i e s  must be permit ted on t h e  f r e e  s t r e a m l i n e .  Then, how­
e v e r ,  t he  s t r e a m l i n e s  curve back t o  the  axis of symmetry, and c e r t a i n  
c a v i t y  c l o s u r e  dev ices  must be in t roduced .  Thus, i n  model 2 ,  t h e  image 
o r  Riabouchinsky model, t h e  f r e e  s t r e a m l i n e  r e a t t a c h e s  t o  an  a r t i f i c i a l  
image of t he  forebody introduced a t  t he  end of t he  c a v i t y .  Only t h e  
d rag  of t he  f i r s t  body i s  determined. The u l t i m a t e  wake th i ckness  i s  
zero .  I n  t h e  t h i r d  model, t he  r e e n t r a n t  j e t  model, t he  wake o r  c a v i t y  
ends i n  a f r e e  s t a g n a t i o n  p o i n t  from which a r e e n t r a n t  j e t  p r o j e c t s  
forward toward the  body base  and van i shes  t h e r e .  This i s  an un rea l  
f e a t u r e ,  though i t  has some s i m i l a r i t y  t o  the  o f t e n  forward-thrown 
s p r a y  observed i n  c a v i t i e s  a t  low p r e s s u r e .  A s  i n  t h e  Riabouchinsky 
model, t h e r e  i s  a s t a g n a t i o n  p o i n t  a t  t he  end of the  c a v i t y ,  and the  
u l t i m a t e  wake th i ckness  i s  s l i g h t l y  n e g a t i v e  on account  of t he  f l u i d  
removed i n  t h e  r e e n t r a n t  j e t .  One model, sometimes c a l l e d  the  d i s s i p a ­
t i o n  model o r  p a r a l l e l  s t r e a m l i n e  model, probably d e s c r i b e s  the  wake 
flow b e t t e r  than t h e  c a v i t y  flow. Here,  t he  downstream wake th i ckness  
i s  n o t  zero .  The p r e s s u r e  i s  i n i t i a l l y  c o n s t a n t  a long the  s t r e a m l i n e ,  
s p r i n g i n g  from t h e  d i s k  edges u n t i l  they r e a c h  t h e i r  maximum wake d i a m ­
e t e r .  From h e r e  on, t he  d i r e c t i o n  of t he  v e l o c i t y  v e c t o r  remains con­
s t a n t ;  i t s  magnitude, however, dec reases  u n t i l  V,(s) i s  equal  t o  u,, 
t he  v e l o c i t y  of t h e  undis turbed flow. This model was used f o r  most of 
t h e  c a l c u l a t e d  ze ro -ang le -o f -a t t ack  cases  of t h i s  r e p o r t .  However, i t  
w a s  used e x c l u s i v e l y  f o r  the  l i f t i n g  c a s e s .  

One can d e v i s e  ano the r  model w i t h  e x a c t l y  t h e  wake wid th  t h a t  i s  
r e q u i r e d  t o  produce the  drag f o r c e  of t h e  forebody. Here the  f a r  wake 

A tc o n s i s t s ,  a g a i n ,  of a p a r a l l e l  s t r eam tube of r a d i u s  JCD/~. some 
l o c a t i o n  downstream of the  base  of t h e  body, t h e  f r e e  s t r e a m l i n e s  i n t e r ­
s e c t  t h e  stream tube forming thus  a f r e e  s t a g n a t i o n  p o i n t ;  t h e r e f o r e ,  
t h e  c o n s t a n t  p r e s s u r e  c o n d i t i o n  cannot  be s a t i s f i e d  over t h e  rearward 
p a r t  of t he  f r e e  s t r e a m l i n e ,  and o t h e r  assumptions have t o  be made t h e r e .  

The l i t e r a t u r e  abounds w i t h  o t h e r  models which are more o r  l e s s  of 
p r a c t i c a l  u s e f u l n e s s .  O r i g i n a l l y  a l l  models were devised f o r  t h e  p l ane  
c a s e ;  however, one can app ly  them t o  t h e  axisymmetric case  wi thou t  
d i f f i c u l t y  . 
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I 11.  DISCUSS ION OF THE THEORY 

The Potential and t h e  Velocities of an  Axisymmetric Body 
The p e r t u r b a t i o n  p o t e n t i a l  f u n c t i o n  of a n  axisymmetr ic  body 

covered w i t h  s u r f a c e  s i n g u l a r i t i e s  of s t r e n g t h  q(s,w) = cos (nw)qn(s) 
i s  g iven  by t h e  s u r f a c e  i n t e g r a l  of t h e  sou rce  s t r e n g t h  t imes t h e  
r e c i p r o c a l  d i s t a n c e  between the  f i x e d  (x,r,w) and t h e  running p o i n t  
(E., P,w1 1: 

For t h e  case  n = 0 ,  t h e  body i s  covered w i t h  sou rce  r i n g s  of con­
s t a n t  c i r c u m f e r e n t i a l  s t r e n g t h ,  r e p r e s e n t i n g  the  z e r o  angle  of a t t a c k  
case ,  and f o r  n = 1, the  sou rce  s t r e n g t h  v a r i e s  w i t h  the  cos ine  of 
t h e  mer id ian  ang le  w. This  case  r e p r e s e n t s  t h e  body placed w i t h  i t s  
a x i s  normal t o  t h e  s t ream. 

I n  g e n e r a l ,  t h e  s t r e n g t h  of  t he  sou rce  r i n g s  and t h e  s u r f a c e  of 
t h e  body is  de f ined  as 

qn ( s , w , a )  = cos(nw) q ( s , a ) .  

To i n t e g r a t e  t h e  p o t e n t i a l  f u n c t i o n  around the  body, we r ea r r ange  equa­
t i o n  (1.1) and w r i t e  

SE 
cos (nu' ) dw'do,  

o J1-kZ( l+cos  ( w ' - w ) ) / ~  

(1.2) 
where k 2  i s  t h e  e l l i p t i c  modulus 

4 r Pk 2  = ( ~ - 5 ) ~+ (r+p)2 
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With the  s u b s t i t u t i o n  

'w' - w = 2x; dw' = 2dX, ( 1 . 3 )  

we express  t h e  second i n t e g r a l  i n  (1 .2)  as 

cos (nu' ) dw' - cos [n (2x+w) 1 dX. 
= (1.4)

'n 4 l -k2 ( l+cos  [w' - w 1 ) / 2  - 2s 41-k  cos2x 
0 0 

To reduce the  e l l i p t i c  i n t e g r a l  t o  Legendre's  form, we use the  s u b s t i ­
t u t i o n  

l-t cos X = s i n  cp, X = a r c  c o s ( s i n  cp) = -2 - cp- (1.5) 

Reversing the  l imits -n/2 and n / 2  y i e l d s  � i n a L L y ,  f o r  (1.4 Y 

fi/ 2 

-	 s i n ( n u )  
s i n  [ 2 n ( n / 2 - ~ ) ]  

1-k2 sin2cp 

With t h e  r e l a t i o n s  

Jt n 
cos [2n(? - cp)] = (-1) cos(2ncp) 

and 
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- -  

one can d e f i n e  two i n t e g r a l s .  The f i r s t  one is 

cos (2ncp)
Fn(k2) = (-1)n f 2  41-k2s i n2y  

dcp. 
0 

The second i n t e g r a l  
I 

s i n  ( 2 n ~ )  
dcp = 0 

1-k2 sin2cp 

van i shes  f o r  a l l  n. The p e r t u r b a t i o n  p o t e n t i a l  can f i n a l l y  be w r i t t e n  
a s  

P a r t i a l  d i f f e r e n t i a t i o n  of the p e r t u r b a t i o n  p o t e n t i a l  (1.1) w i t h  
r e s p e c t  t o  x y i e l d s  the p e r t u r b a t i o n  v e l o c i t y  i n  t h e  x - d i r e c t i o n .  

SE 27t 

ax 4fi 4, ( 0  9 a) P(X- E )  cos(nw') dw' 

0 
[ (x-512 + ( r + p 1 ~ 1 3 / ~  [1-k2(l+cos ( w ' - w ) ) / ~ ] ~ / ~a 

0 

With the  a i d  of  the  s u b s t i t u t i o n s  (1 .3)  and (1.5), we can w r i t e  for 
the second i n t e g r a l  on the  r igh t -hand s i d e  of (1.8) 

( equa t ion  continued on nex t  page) 
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"' 
+ sin(nw) (-1) sin(2ny,) du 

- I d 2  
[1-k2 s i n 2 q I 3 i 2  . 

We d e f i n e  now t h e  f i r s t  i n t e g r a l  on t h e  r igh t -hand s i d e  as 

Gn(k2) = (-1) 
cos(2ny,) dy, 

' ( 1 . 9 )
[l-k2

0 


The second i n t e g r a l  on the  r igh t -hand s i d e  

7c/ 2 
s i n  (2ncp) dcp = 0 (1.10) 

van i shes  f o r  a l l  n. 1 

The p e r t u r b a t i o n  v e l o c i t y  component i n  the  x - d i r e c t i o n  is  now 

P a r t i a l  d i f f e r e n t i a t i o n  of equa t ion  (1.1) w i t h  r e s p e c t  t o  the  r a d i u s  r 
y i e l d s  the p e r t u r b a t i o n  v e l o c i t y  component i n  t h i s  d i r e c t i o n .  

r cos (nu' ) - p COS (w' -w) cos (nw' ) dw' do. 
[l - k2(1  + C O S ( ~ ' - W ) ) / ~ ] ~ / ~

0 
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The second i n t e g r a l  on t h e  r igh t -hand s i d e ,  t o g e t h e r  w i t h  s u b s t i t u t i o n  
( 1 . 3 ) ,  y i e l d s  

The numerator of t h e  second i n t e g r a l  can be w r i t t e n  as 

cos ( 2 ~ )cos ( 2 n ~+ no) = cos (nu) [cos { 2 ( n - l ) ~ }+ cos {2(n + l ) ~ ] ]  

- s i n  (nu) [ s i n  {2(n + I )x} + s i n  { 2 ( n - l ) ~ ] ] .  

(1.12) 

With t h e  d e f i n i t i o n  (1 .9)  and the  s u b s t i t u t i o n  (1 .5) ,  t h e  f i r s t  i n t e g r a l  
on t h e  r igh t -hand s i d e  of (1.11) becomes 

2 cos (nu) Gn(k2) = 
cos { 2 n ~+ no} 

d X ,  
[ l - k 2  C O S ~ X ] ~ / ~

0 


and t h e  second i n t e g r a l  i s  

31 31 
‘Os (2nX + nu) (2X) dX = 

cos [2 (n -1 )~ ]+cos [2 (n+ l )x ]  d X  

(1-k2 C O S ~ C ~ ) ~ / ~  -12 
0 

(1 + k2 C O S ~ X ) ~ / ~
0 

n+i 
- 2 cos(nu)  cos [2(n-l)cp]+(-l)  cos [2(n+l)q1] d T  = (cont inued on-

2 [ l - k 2  s i n 2 ~ ] 3 / 2  nex t  page) 
0 
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The i n t e g r a l  w i t h  the  f a c t o r  s i n  (nu) vanishes  f o r  a l l  n according t o  
d e f i n i t i o n  (1.10). The p e r t u r b a t i o n  v e l o c i t y  component f i n a l l y  becomes 

The p e r t u r b a t i o n  v e l o c i t y  component i n  c i r c u m f e r e n t i a l  d i r e c t i o n  w i s  
obta ined  by p a r t i a l  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  w and m u l t i p l i c a t i o n  
wi th  t h e  f a c t o r  l / r :  

cos(nw') sin("-w) d w ' d a .  
[1-k2 (l+cos (w' - w) )/ 2 13/

0 


(1.13) 

We apply  (1.3) t o  the  second in . tegra1 i n  (1.13) and w r i t e  

2n: fl 
cos (nu')  s in(w'-w) dw' COS (2n:x+nw) s i n  2X dX. (1.14) 

[ 1-k2(l+cos (w' - w) ) / 21 3/ 00 


Using s u b s t i t u t i o n  (1.15) i n  equa t ion  (1.14) produces 
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The i n t e g r a l  w i t h  t h e  f a c t o r  cos (nw) van i shes  accord ing  t o  (1.10) and 
f i n a l l y  t h e  w-pe r tu rba t ion  v e l o c i t y  component becomes 

For zero ang le  of a t t a c k  w i t h  n = 0, we o b t a i n  from d e f i n i t i o n  (1.9)  
the  r e l a t i ' o n  G-,(k2) = G+=(k2). The re fo re ,  acp,/raw equa l s  ze ro  f o r  t h i s  
case.  The complete e l l i p t i c  i n t e g r a l s  Fn(k2) and Gn(k2) w i l l  be developed 
i n  appendix A .  

The de r ived  p e r t u r b a t i o n  v e l o c i t i e s  u ,  v ,  and w a r e  the  v e l o c i t i e s  
f o r  f i x e d  p o i n t s  (x , r ,w)  which do n o t  co inc ide  w i t h  t h e  s u r f a c e  on which 
the sources  a r e  placed.  The g e n e r a l  s o l u t i o n  of the problem, however, 
r e q u i r e s  t h a t  we know the  normal or  t a n g e n t i a l  v e l o c i t i e s  on the bound­
a r i e s  of t h e  o u t e r  f low f i e l d .  P a r t  of t h e  boundary i s  provided by t h e  
s u r f a c e  of the  body. A c l o s e r  i n v e s t i g a t i o n  of the  normal component of 
t h e  v e l o c i t y  on the  body s u r f a c e  r e v e a l s  a d i s c o n t i n u i t y  [14). The 
jump i n  the  v e l o c i t y  a c r o s s  the  s u r f a c e  i s  e x a c t l y  equal  t o  t h e  sou rce  
s t r e n g t h ,  + q ( s , a ) / 2  t o  the  o u t e r  f low f i e l d , a n d  - q ( s , a ) / 2  t o  the  inne r  
f low f i e l d .  The t a n g e n t i a l  v e l o c i t y  component, on t h e  o t h e r  hand, i s  
cont inuous.  I n  t h i s  r e s p e c t ,  we have t o  account  f o r  t h i s  d i s c o n t i n u i t y  
by adding the  proper component t o  the  v a r i o u s  p e r t u r b a t i o n  v e l o c i t i e s  
on the  body s u r f a c e .  

We o b t a i n  f o r  the axisymmetric flow, n = 0, 

and 
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The p e r t u r b a t i o n  v e l o c i t y  components f o r  t h e  ang le  of a t t a c k  case  (n = 1) 
a r e  

(1.18) 

and 

(1.19) 

The n o t a t i o n s  r ' ( s . )  and x ' ( S )  a r e  d i f f e r e n t i a t i o n s  w i t h  r e s p e c t  t o  the  
a r c  l e n g t h  s .  For k' = 1, t h e  e l l i p t i c  i n t e g r a l s  have a po le  wi th  a 
l oga r i thmic  d i s c o n t i n u i t y .  Therefore ,  the  f i n i t e  p a r t  of t he  i n t e g r a l s  
of equat ions  (1.15) through (1.19) have t o  be taken.  

The t o t a l  p o t e n t i a l  of the  body i s  obtained by superimposing t h e  
p e r t u r b a t i o n  p o t e n t i a l  on the  p o t e n t i a l  of t h e  undis turbed  flow f i e l d .  

gn(s,w,a) = x ( s )  cos a + r ( s )  s i n  a cos w + cpn ( s , w , a ) .  (1.20) 

From the  boundary c o n d i t i o n  

( 1 . 2 1 )  
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we o b t a i n  t h e  sou rce  s t r e n g t h  on the  s u r f a c e  of t h e  body. We d i f f e r e n t i a t e  
(1.20) w i t h  r e s p e c t  t o  t h e  normal V 

With t h e  equa t ions  of appendix C y  we can w r i t e  now 

vN = o = - r ' ( s )  cos a + x ' ( s )  s i n  a cos w - u n ( s , a )  r ' ( s )  + v n ( s , a )  x ' ( s )  

(1.22) 

where un(s  ,a) and vn(s  ,a) a r e  the  p e r t u r b a t i o n  v e l o c i t i e s  of equa t ions  
(1.15) t o  (1.18). The f i r s t  two terms on t h e  r igh t -hand s i d e  of t h e  
equa t ion  a r e  t h e  v e l o c i t i e s  of t h e  undis turbed  flow f i e l d .  

Le t  us cons ide r  f i r s t  the a x i a l l y  symmetric f low f i e l d  w i t h  n = 0, 
a = 0. The normal component of t h e  p a r a l l e l  f low is  independent of the  
mer id ian  ang le  w: 

g o ( s , a )  = r '  (s )  cos a = r '  ( s ) .  (1.23) 

The normal component s i n  a of the  p a r a l l e l  f low i s  p r o p o r t i o n a l  t o  cos w: 

gl (s ,a ,w)  = - s i n  a cos w x' ( s )  = - X I  ( s )  a cos w. (1 .24)  

I n  the  f u t u r e ,  we w i l l  mostly use the  l i n e a r i z e d  form of the  boundary 
c o n d i t i o n s .  Only once i n  a whi le  we w i l l  r e f e r  t o  the  e x a c t  expres s ions .  

We o b t a i n  t h e  i n t e g r a l  equa t ion  f o r  de te rmining  t h e  sou rce  s t r e n g t h  
on the  s u r f a c e  of the  body by r e p l a c i n g  i n  (1.22) the  terms u n ( s , a )  and 
v n ( s  ,a) by t h e i r  r e s p e c t i v e  express  ions (1.15) through (1.18) : 

(1.25) 
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where t h e  Kernel f u n c t i o n  depends only on t h e  geometry of t h e  body 

(1.26) 

The source  s t r e n g t h  q n ( s , a )  i s  the on ly  unknown of the  i n t e g r a l  equa­
t i o n  (1.25); a l l  o t h e r  f u n c t i o n s  a r e  known. The e l l i p t i c  i n t e g r a l s  of 
(1.26) have a po le  a t  k2  = 1. The s i n g u l a r i t y ,  however, has l o g a r i t h m i c  
c h a r a c t e r ,  and t h e  q u a d r a t i c  i n t e g r a b i l i t y  f o r  s o l v i n g  (1.25)  e x i s t s .  
S p e c i a l  procedures must be app l i ed  t o  s o l v e  t h e  i n t e g r a l  equa t ion  numer­
i c a l l y .  Equat ion  (1.25),  a l i n e a r  i n t e g r a l  e q u a t i o n  of the  second kind,  
shows the dependency of t h e  sou rce  s t r e n g t h  q on the  angle  of a t t a c k  a 
and the  shape of t h e  contour  of the  body. I f  we s e t  n = 0,  we a r e  con­
s i d e r i n g  t h e  axisymmetric flow f i e l d ,  and we r e p l a c e  q n ( s , a )  by the  
l i n e a r i z e d  form of (1.23).  The source  s t r e n g t h  i s  then no t  dependent 
on a. However, f o r  t h e  a n g l e  of a t t a c k  case w i t h  n = 1, we use (1.24) 
and we n o t i c e  t h a t  q l ( s , a )  = a q , ( s ) .  

Asymptotic Development of t h e  Velocity Components 
The in t eg rands  of t h e  i n t e g r a l  expres s ion  f o r  the  v e l o c i t y  components 

a r e  now developed i n t o  a power s e r i e s  of s m a l l  E = 0 - s :  

p = r + r ' E  + r"c2 /2  + ... 

5 = x + X ' E  + X"E2/2 + ... y 

where primed v a l u e s  r e p r e s e n t  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  a r c  l e n g t h  
s .  To s o l v e  the  i n t e g r a l s  numer i ca l ly ,  t h e  fo l lowing  procedure i s  used 
which s h a l l  be demonstrated as an example w i t h  t h e  u-component. We 
r e p e a t  equa t ion  (1.15) f o r  n = 0: 
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The in t eg rand  has a s i n g u l a r i t y  a t  x = 5. However, t h e  v a l u e  of the 
i n t e g r a l  i s  f i n i t e  i f  the p r i n c i p a l  v a l u e  of t h e  i n t e g r a l  i s  taken.  
To avoid t h e  s i n g u l a r i t y ,  t h e  s e r i e s  approximation of t h e  in t eg rand  
con ta in ing  t h e  c o n s t a n t  term f r e e  of E i s  s u b t r a c t e d  from the  i n t e g r a n d .  
Then the  e x p r e s s i o n  under the  i n t e g r a l  s i g n  is  z e r o  a t  t h e  s i n g u l a r  
p o i n t  s = 0,  and t h e  i n t e g r a l  can be t r e a t e d  numer ica l ly .  By d e s i g n a t ­
ing t h e  approximating s e r i e s  as f ( s , o )  one o b t a i n s ,  f o r  the  uo-component: 

0 0 

The f i r s t  i n t e g r a l  on the  r igh t -hand s i d e  i s  now f r e e  of any s i n g u l a r i t y ,  
and can be so lved  numer ica l ly .  The second i n t e g r a l  c o n t a i n s  t h e  s ingu­
l a r i t y  and i t  can be t r e a t e d  a n a l y t i c a l l y .  The p r i n c i p a l  va lue  of the  
i n t e g r a l  m u s t  be used. This i s  the  g e n e r a l  procedure which i s  app l i ed  t o  
a l l  i n t e g r a l s  as long as they a r e  s i n g u l a r .  

Continuing now w i t h  the g e n e r a l  development, one o b t a i n s ,  a f t e r  some 
a l g e b r a ,  t h e  s e r i e s  f ( s , o )  f o r  t h e  p o t e n t i a l  cp 

The i n t e g r a t i o n  of t h i s  f u n c t i o n  y i e l d s  

S 

S 

271 cp 2?t ['E In 1- 8r + s I n  1 1 - s l + ( 1 - 2 n ) s  
E 1+ ...,-1s f  (s,a) d o  = -

4, (s Y a) E 

0 

where n = 0, 1 ,  r e s p e c t i v e l y .  

For the v e l o c i t y  components, the  r e s p e c t i v e  f u n c t i o n s  a r e  
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and i n t e g r a t i o n  a g a i n  y i e l d s  

S 

S 2

1I f  ( s , o )  do = -
qn(s  ,a> 

r ' l n  1 1  - E + r '  + rr" 
S

27c V 27c 2 r  E 
0 


S 

S 

2Tt I fW ( s , o )  d o  = n 
4, 

2
(s 
fir 

Y a) 
['E In 

8 r  + s I n  1 1  - - 1  
S 

E - s 
E 

0 

The f u n c t i o n  f ( s , o )  and the  r e s p e c t i v e  i n t e g r a l  f o r  de te rmining  the  
s t r e n g t h  of t h e  sou rce  d i s t r i b u t i o n  (1.25) a r e  
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- r K  s
E 
I +  ... , 

where K is  the  c u r v a t u r e  of the  contour or  t h e  f r e e  s t r e a m l i n e  

For a c u t e  cone apex a n g l e s ,  the  above s e r i e s  expansion i s  no t  v e r y  w e l l  
s u i t e d .  For t h i s  c a s e ,  a s p e c i a l  expansion which i s  only a p p l i c a b l e  t o  
small  cone ang le s  i s  g iven  i n  appendix B. 

With the above s e r i e s  expansion, we can f i n a l l y  w r i t e  the complete 
p e r t u r b a t i o n  p o t e n t i a l  f o r  a r b i t r a r y  mer id ian  ang le s  w 

The v e l o c i t y  components become 

x1r +rx" 
+ 2r  1 

(2.3) 
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2 1 S+ r '  
2r  
+rr" 

r1 In 1 1  - -1 E + r 2+rrfl 
S

S 2 r  E 

S 

- k ('E In 
+ s I n  1 1  - -1 

S 

E - 2n s
E s

E
r1  

(2.4) 

and 

S
+ s I n  1 1 - - 1  
s 
E - s 

E 1 * (2.5) 

The i n t e g r a l  equa t ion  (1.25) becomes now 

S E ;2gn (s Y WY a) 
= qn(s , a )  + J {qn(oya) . 2P 

cos (nu) 
fi 0 [ (x-5 )  2+(r+p) 3l2 

[( rx '  -r ' (x-E)) Gn (k") 

(equat ion  cont inued on next page) 
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-	 K r  S E I  . 
* 

I n  t h i s  r e p o r t ,  we v e r y  o f t e n  r e f e r  t o  t h e  normal and t a n g e n t i a l  ve loc ­
i t i e s  of the  body s u r f a c e ,  which a r e  quoted h e r e  f o r  n = 0 and n = 1 
s e p a r a t e l y .  According t o  the  equa t ions  (C.l) and (C.2) of appendix C,  
we o b t a i n  f o r  t h e  normal v e l o c i t y  of t h e  body i n  a x i a l  flow 

S 

9, (s )  E ( rx '  -r '  ( x - ~ ) ) G o ( k 2 ) - x 'p l ( k z )  
V

N 
(s) = -r '  + -+ -

2+(r+p)2~2 2n J (2pqo(o)  c (x-E;) 
0 

qo(s> 
--2 r  (x' I n  

8 r  - xI - rK)}da 

(2.7) 

The t a n g e n t i a l  v e l o c i t y  f o r  t h i s  case is  g iven  as 

S 

VT(S) = x '  + 1J
E 

fipq0(a) 
(x' (x- E)+rr ' )Go (k2, - pr  I G1 (k2) 

2Tt 
0 

r (x- 5)2+(r+p) 2I 3/2 
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The corresponding v e l o c i t i e s  f o r  t h e  body a t  an ang le  of a t t a c k  a 
a r e ,  accord ing  t o  (C.17) and C . 1 8 )  f o r  t h e  mer id i an  ang le  w = 0, 

and 

(2.10) 
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The Solution of the Integral Equation 

We r e p l a c e  t h e  i n t e g r a l  equa t ion  ( 2 . 6 )  by a sys tem of N- l inea r  
equa t ions  and s o l v e  t h i s  system f o r  t h e  N-unknown q V' From now on, 
we r e s e r v e  the  index  v f o r  the f i x e d  p o i n t  s on t h e  contour  and the  
f r e e  s t r e a m l i n e  (which i s  h e r e  cons idered  a f i x e d  s u r f a c e ,  too) and 
t h e  index p f o r  t h e  running p o i n t  o. For t h e  numerical  i n t e g r a t i o n  
scheme, we use the  quadra tu re  procedure of  Gauss, where the v a l u e  of 
the  f u n c t i o n  a t  c e r t a i n  p re sc r ibed  a b s c i s s a s  sM i s  m u l t i p l i e d  w i t h  a 
c e r t a i n  weight  AP' We c a l l  Ap = &,ap the  modified weight .  It i s  
obta ined  by m u l t i p l y i n g  the  o r i g i n a l  weight  a which i s  normalized t o  

p:1, w i t h  t h e  s e c t i o n a l  l e n g t h  & as  shown i n  f i g u r e  1. The t o t a l  
l e n g t h  of t h e  body i s  t h e r e f o r e  g iven  as 

p=1 m= 1 p=1 

where the  number of body s e c t i o n s  i s  des igna ted  by M and P i s  the  number 
of p o i n t s  i n  one segment. This number does n o t  change, It i s  t h e  same 
f o r  a l l  segments. The t o t a l  number of p o i n t s  i s  t h e r e f o r e  g iven  by 
N = M - P .  

A f t e r  r e p l a c i n g  i n  equa t ion  (2.6) the i n t e g r a l  s i g n  w i t h  t h e  sum­
mation s i g n  and c o l l e c t i n g  a l l  terms m u l t i p l i e d  w i t h  g,, we now o b t a i n  
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The primed summation s i g n  means t h a t  the  term p = v i s  omitted i n  the  
summation p rocess ,  s ince  f v, w a s  o r i g i n a l l y  de f ined  as  the s e r i e s  
expansion of the Kernel f u n c t i o n  K a t  the  s i n g u l a r  p o i n t .  The 

V Pi n c l u s i o n  of t h e  c o n s t a n t  term i n  t h i s  expansion i n s u r e s  t h a t  the two 
terms under the  summation s i g n s  cancel  each o t h e r  a t  t h e  p o i n t  IJ- = v. 

In- equa t ion  (3.1) the  source s t r e n g t h  qv i s  the  unknown. The l e f t -
hand s i d e  of the  equa t ion  i s  known and i s  s u b s t i t u t e d  by e i t h e r  equa­
t i o n s  (1.23) or  (1.24) depending on n = 0 o r  n = l. I n  m a t r i x  n o t a t i o n  
we w r i t e  t h e  N- l inea r  equa t ion  as  

The elements of t h e  main-diagonal a r e  g iven  by the  expres s ion  

1 8 5  S E
aVv  = 1 + -[xb (sE I n  Isy-sEr + sv I n  11 - - *nsE) - K v r v s F ]2 rr

V 

and the  elements of t h e  neighboring d i agona l s  a r e  
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The m a t r i x  i s  u s u a l l y  condi t ioned  s a t i s f a c t o r i l y  [IS]. The elements 
of t h e  p r i n c i p a l  d i agona l  a,, a r e  l a r g e r  by one magnitude than the  
elements +I-1 of t h e  ne ighbor ing  d i a g o n a l s .  The s o l u t i o n  f u n c t i o n  qv 
is  u s u a l l y  v e r y  smooth. For one p a r t i c u l a r  example of c a l c u l a t i o n ,  
the v a l u e  of t h e  de t e rminan t  w a s  d e t  A = 53 .4 . .  The cond i t ion ing  
number of t h e  system had a v a l u e  of KH = 2 . 7  x The number of 
p o i n t s  used t o  c a l c u l a t e  t h e  flow f i e l d  was N = 6 4 .  The de terminant ,  
as w e l l  as t h e  c o n d i t i o n i n g  number, depends on N. With dec reas ing  N ,  
t h e  cond i t ion ing  of the  system u s u a l l y  improves, provided the  d e t e r ­
minant i s  d i f f e r e n t  from zero.  

A f t e r  having solved t h e  system of equa t ions  f o r  the  source s t r e n g t h  
q,, one o b t a i n s  the  v e l o c i t y  components by a s imple  quadra tu re :  

2 
(4;) S r '  +r r" 

+ -r .1  A - %{rL In  11 - -1 
s V  

E + v 
2r V 

v v  
S E2fi v p 

r ' s  v E '  
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and 

This i s  the  usual  procedure t o  so lve  the  flow f i e l d  about  a body of 
r e v o l u t i o n  w i t h  a f i x e d  contour .  So f a r ,  the  wake or  c a v i t a t i o n  bubble 
has n o t  been mentioned s p e c i f i c a l l y .  However, f o r  the  s o l u t i o n  of the 
wake problem, which w i l l  be d iscussed  i n  the  fo l lowing  c h a p t e r ,  a so lu ­
t i o n  qv of ( 3 . 2 )  is  necessa ry  and w i l l  be used t o  c a l c u l a t e  t h e  pe r tu rba ­
t i o n  p o t e n t i a l  and the  t a n g e n t i a l  v e l o c i t y .  

The Axisymmetric Cavity 

Following Helmholtz 's  sugges t ion ,  the  f r e e  s t r e a m l i n e  d i s c o n t i n u i t y  
s u r f a c e  i s  taken as an i d e a l i z a t i o n  of the s e p a r a t i o n  s u r f a c e  which 
d i v i d e s  the  main flow from the  wake or  c a v i t y  which fol lows s e p a r a t i o n .  
The th i ckness  of t h e  s h e e t  i s  taken v a n i s h i n g l y  s m a l l ,  and the flow on 
one s i d e  is  assumed t o  have no e f f e c t  on t h e  o t h e r  excep t  through t h e  
p r e s s u r e .  For c a v i t a t i n g  flows w i t h  r a t i o s  of c a v i t y  d e n s i t y  vanish­
i n g l y  s m a l l ,  t h e  flow i n  t h e  c a v i t y  i s  assumed as q u i e s c e n t ,  and it i s  
t h e r e f o r e  a c o n s t a n t  p r e s s u r e  r eg ion .  

The problem t o  f i n d  s o l u t i o n s  t o  the  d i scon t inuous  flow about  
bodies  of r e v o l u t i o n  w i t h  a smooth contour has two parameters .  These 
a r e  the  s e p a r a t i o n  p o i n t  SB and the c a v i t y  p r e s s u r e  c o e f f i c i e n t  CpB. I n  
o r d e r  t o  e x p l a i n  t h e  g e n e r a l  method of s o l u t i o n  i n  p r i n c i p l e ,  we c a l ­
c u l a t e  the  f low about  a body where the flow s e p a r a t e s  a b r u p t l y  a t  the  
corner  of t h e  base .  The problem then has on ly  one parameter which i s  t h e  
c a v i t y  p r e s s u r e  c o e f f i c i e n t  Cpg or  the e q u i v a l e n t  t a n g e n t i a l  v e l o c i t y  V,rB. 
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These p r e s c r i b e d  parameters a r e  c o n s t a n t  a long  the  f r e e  s t r e a m l i n e  r2 
i n  accordance w i t h  the  assumption t h a t  t h e  f low i n  t h e  c a v i t y  is 
q u i e s c e n t .  For s m a l l  v e l o c i t i e s  i n  the  c a v i t y ,  Cpg and VTB a r e  func­
t i o n s  of t h e  a r c  l e n g t h  s .  For the  d i s c u s s i o n  of t h e  g e n e r a l  t heo ry ,  
we assume a c o n s t a n t  Vm and we adopt  the  i n f i n i t e  c a v i t y  concept ,  
which is  t h e  Helmholtz model (V, = 1). S p e c i a l  changes of the g e n e r a l  
method of s o l u t i o n  i f  o t h e r  models a r e  a p p l i e d  w i l l  be desc r ibed  a t  the  
end of  t h i s  c h a p t e r .  

I n  p a r t i c u l a r ,  we assume t h e  flow t o  be (1) i n v i s c i d ,  (2)  g r a v i t y -
l e s s ,  and (3) s t eady .  Figure l a  r e p r e s e n t s  the upper h a l f - p l a n e  of 
a body of r e v o l u t i o n  and the  corresponding c a v i t y .  According t o  our 
assumptions,  t h e  body possesses  a sha rp  corner  a t  SB where the  flow 
s e p a r a t e s  a b r u p t l y .  Otherwise,  t h e  contour r2 of t h e  body is  smooth 
except  a t  t h e  s t a g n a t i o n  p o i n t .  The c a v i t y  is  sepa ra t ed  from t h e  
o u t e r  f low f i e l d  by the  f r e e  s t r e a m l i n e  r2. On+the iven contour
rl, the  a b s o l u t e  v a l u e  of the  v e l o c i t y  v e c t o r  IV ( s ) $  i s  unknown; i t s  
d i r e c t i o n ,  however, i s  known w i t h  c o n d i t i o n  ( 1 . 2 f ) .  Dgwnstream of sB 
t h e  a b s o l u t e  v a l u e  of t h e  t a n g e n t i a l  v e l o c i t y  v e c t o r  lvml i s  s p e c i f i e d  
on r2; i t s  d i r e c t i o n ,  however, i s  unknown. With t h e  s p e c i f i e d  v e l o c i t y  
VTB on r2, the  v e l o c i t y  p o t e n t i a l  i s  a l s o  known on r2 except  f o r  a 
c o n s t a n t .  The p o s i t i o n  of r2 i s  t h e r e f o r e  n o t  known and we have t o  
choose i t  a r b i t r a r i l y  on some reasonab le  b a s i s  (see Fig.  l b ) .  We 
d e s i g n a t e  t h i s  l i n e  rz. 

It i s  our goal t o  determine the  p o s i t i o n  of r2. For the  s o l u t i o n  
of the  problem, we formula te  t h a t :  

( a )  The boundary c o n d i t i o n  VN(S)  = 0 has t o  be s a t i s f i e d  on 
rl. 


(b) 	 On the  a r b i t r a r y  l i n e r:, the  v e l o c i t y  and t h e r e f o r e  
a l s o  the  p o t e n t i a l  except  f o r  a c o n s t a n t  i s  known. 

( c )  	 I f  r$ i s  n o t  i d e n t i c a l  w i t h  t h e  f r e e  s t r e a m l i n e  r2, 
t h e  normal v e l o c i t y  ( V N ( s )  # 0) does no t  v a n i s h  on rz 
and t h e r e f o r e  rz i s  n o t  a s t r e a m l i n e .  

(d) 	 From the magnitude of V,(S) on r;, we can deduce t h e  
s h i f t  of the l i n e  rz. The s o l u t i o n  of the problem i s  
t h e r e f o r e  obta ined  by i t e r a t i o n .  

( e )  	 Since the  p o s i t i o n  of the  f r e e  s t r e a m l i n e  i s  no t  known, 
we have t o  conduct a l l  numerical  c a l c u l a t i o n s  on the  
a r b i t r a r y  l i n e  r:. 

24 



Besides the  v e l o c i t y  VTB, w e  mentioned a l s o  the  p o t e n t i a l  ,@@B(s) 
i n  (b). L a t e r  on, we w i l l  employ t h i s  p o t e n t i a l  f u n c t i o n  r a t h e r  than 
the  v e l o c i t y  vm. The r eason  f o r  t h i s  choice  w i l l  be g iven  l a t e r  i n  
t h i s  r e p o r t .  

(1) 	 The S o l u t i o n  of the Problem by Spec i fy ing  the  
P o t e n t i a l  Funct ion  

A s  a nex t  s t e p ,  we e s t a b l i s h  t h e  s e t  of i n t e g r a l  equa t ions  w i t h  
which we de termine  t h e  source s t r e n g t h  q 0 ( s ) .  On the contour rl, we 
s a t i s f y '  V,(s) = 0 and o b t a i n  t h e r e f o r e  

where the Kernel f u n c t i o n  K4 (s,a) i s  g iven  f o r  n = 0 by equa t ion  (1 .26 ) .  
For po in t s  w i t h i n  the  r e g i o n  P;, we o b t a i n  the  i n t e g r a l  equa t ion  

w i t h  the Kernel f u n c t i o n  

With known p o t e n t i a l  gOB(s),equa t ion  (4 .2)  is  an i n t e g r a l  equa t ion  of 
t h e  f i r s t  kind.  I n  bo th  equa t ions  (4.1) and ( 4 . 2 ) ,  the  source s t r e n g t h  
q o ( s )  i s  t h e  on ly  unknown func t ion .  The Kernel func t ions  K q ( s , a )  and 
&+,(s,a) depend on ly  on t h e  geometry of t h e  body contour rl and the  
a r b i t r a r y  l i n e  I';. The i n t e g r a t i o n  l i m i t s  a r e  t h e  s t a g n a t i o n  p o i n t  
(s = 0) and the p o i n t  where t h e  wake' i s  t runca ted .  About t h e  choice  of 
t h e  p o i n t  sE and t h e  i n f l u e n c e  of the  t runca ted  p a r t  of the  " i n f i n i t e "  
c a v i t y  o r  wake, some exp lana t ion  w i l l  be g iven  a t  a l a t e r  t ime. 
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On t h e  l e f t - h a n d  s i d e  of equa t ion  ( 4 . 2 ) ,  we recognize  the 
t o t a l  p o t e n t i a l  of t h e  f r e e  s t r e a m l i n e  r2 which i s  de f ined  as 

( 4 . 3 )  

where only the  v a l u e  of t h e  i n t e g r a l  i s  known. The v a l u e  of the poten­
t i a l  a t  @he s e p a r a t i o n  p o i n t  sB i s  a c o n s t a n t  and unknown. 

The two terms on the  l e f t  s i d e  of equa t ion  ( 4 . 2 )  would r e p r e s e n t  the  
p e r t u r b a t i o n  p o t e n t i a l  of the body w i t h  the e x a c t  f r e e  s t r e a m l i n e  r2 
i f  xik(s) would have been the  a b s c i s s a  of r2. Since ,  however, x9:(s) 
belongs t o  the a r b i t r a r y  l i n e  rz, the  term (&,B(s) - x$:(s)) i s  only 
approximate ly  cpOg(s), except  a t  the  s e p a r a t i o n  p o i n t  where x"(s) = x ( s ) .  
For a convergent procedure ,  however, where r2 = rz, t h e  l e f t -hand  s i d e  
becomes, a f t e r  a s u f f i c i e n t  number of i t e r a t i o n s ,  i d e n t i c a l  w i t h  cpoB(s). 
We d e f i n e  t h e r e  

( 4 . 4 )  

The ba r red  expres s ion  

S 
A 

c p o ( S )  =jVTB ds - x"(s) ( 4 . 5 )  
S


B 

r e p r e s e n t s  a l l  known f u n c t i o n s .  The s u b s c r i p t  B r e f e r s  h e r e  t o  q u a n t i t i e s  
compatible w i t h  the  s p e c i f i e d  p r e s s u r e  c o e f f i c i e n t  CpB. 

The p e r t u r b a t i o n  p o t e n t i a l  cpoB(s) can a l s o  be r ep resen ted  by 
t h e  f u n c t i o n  cpg(s) p l u s  some c o r r e c t i v e  term which w i l l  approach 0 as  
rs -+r2. We o b t a i n  cp:(s) by s o l v i n g  t h e  system ( 3 . 2 )  f o r  q:(s) and 
i n s e r t i o n  of t h i s  f u n c t i o n  i n t o  equa t ion  ( 2 . 2 ) ,  where we s e t  n = 0, f o r  
t h e  axisymmetric flow case.  Since t h e  system ( 3 . 2 )  was obta ined  w i t h  the  
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boundary c o n d i t i o n  V N ( s )  = 0 along rl and $ , t h e  l i n e  e i s  t empora r i ly  
a s t r e a m l i n e .  A l l  f u n c t i o n s  obtained w i t h  qg ( s )  of t h e  system (3.2) 
w i l l  i n  t h e  f u t u r e  be marked by a s t e r i s k s ,  i n  o r d e r  t o  d i s t i n g u i s h  them 
from those obta ined  w i t h  t h e  s o l u t i o n  q 0 ( s )  of t h e  system of i n t e g r a l  
equa t ions  (4.1) and (4.2). We add and s u b t r a c t  i n  equa t ion  (4.3) the  
terms 

S
c(sB)and l V ; ( s )  d s  

S

B 

and o b t a i n  

S S

B B 

Due t o  the  d e f i n i t i o n  (1.20)  of @A(s), the  terms 

S
c(sB)+ l V c ( s )  d s  = @ ( s )  = x " ( s )  + & ( s )  

SB 

can be c o l l e c t e d ,  and we o b t a i n  i n s t e a d  of equa t ion  (4.4) now 
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where the  cons t an t  i s  g iven  as 

(4 .7)  

m e  ba r red  f u n c t i o n  i n  equa t ion  (4.4) can be expressed w i t h  q : ( s )  = 
& < s )  - x*(s) as 

S 

n 

q o ( s )  = cpz(s) +i/-(Vm - V;(s)) d s .  (4.8) 
SB 

A l l  terms on t h e  r igh t -hand s i d e  a r e  known q u a n t i t i e s .  We i n s e r t  equa­
t i o n  (4.6) i n t o  the  i n t e g r a l  equat ion  (4 .2 ) .  Since cpoB(s) i s  no t  neces­
s a r i l y  i d e n t i c a l  w i t h  q : ( s ) ,  t h e  normal v e l o c i t i e s  on P$ a r e  no t  ze ro  
(VN(S) # 0 ) ,  and $ i s  not  a s t r e a m l i n e  any more. Our g o a l  i s  t o  s h i f t  
Pz i n  such a f a s h i o n  t h a t  (a )  t he  cond i t ion  of zero  normal v e l o c i t y  a long
pi i s  s a t i s f i e d  (r: -+ r2) and (b) t he  s p e c i f i e d  p e r t u r b a t i o n  p o t e n t i a l  
cpQB(s) is  a t t a i n e d  along Pi. 

The r e p r e s e n t a t i o n  of t he  exac t  p e r t u r b a t i o n  p o t e n t i a l  as a 
c o r r e c t i o n  of t h e  approximate q g ( s )  has c e r t a i n  advantages f o r  t he  
numerical  c a l c u l a t i o n .  The advantages w i l l  be d iscussed  a t  the  end 
of t h i s  chaper i n  more d e t a i l .  

The problem s t i l l  has one unknown q u a n t i t y :  the  cons t an t  c ,  
as g iven  by equa t ion  (4 .7 ) .  We must t h e r e f o r e  l a t e r  e s t a b l i s h  an equa­
t i o n  f o r  c a l c u l a t i n g  C ;  only  then  the  problem i s  completely determined.  
The cons t an t  C i s  f o r  the  time being a r b i t r a r i l y  assumed t o  be u n i t y .  
However, s i n c e  the  geometr ic  func t ions  of ?>a r e  introduced i n t o  the  
Kernel func t ions  of the i n t e g r a l  equat ions  (4 .1)  and (4 .2 )  the  exac t  
f r e e  s t r e a m l i n e  r$ can only be obtained by an i t e r a t i o n  procedure.  

The system of i n t e g r a l  equat ions  (4 .1)  and (4.23 w i l l  now be 
s a t i s f i e d  i n  N po in t s  a long t h e  contour rl and the  l i n e  rz. For t h i s  
purpose,  we r e p l a c e  the  i n t e g r a l  s i g n  by a summation s i g n  and apply  the 
Gaussian quadra tu re .  For s i m p l i c i t y ,  we drop the  a s t e r i s k s  f o r  the  
geometr ic  func t ions  of t he  l i n e  P:, bu t  we keep i n  mind t h a t  x ( s ) ,  r ( s ) ,  
and t h e i r  h igher  d e r i v a t i v e s  belong t o  the  assumed l i n e  e, Occas iona l ly ,  
we w i l l  r e t u r n  t o  the  use of a s t e r i s k s  i f  i t  seems necessary  t o  the  
understanding of the  problem. 
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For the p o i n t s  1 5 v 5 i on t h e  contour r2, we o b t a i n  t h e  equa t ion  

8r 

CL 

8r 
I n  11 - -1

SE - r K S  
sV  v v E  

p=l [(x,-xJ 2 + (rv+rIJ.)21312 
' A 

IJ.' 
(4 .9)  

The p o i n t  i i s  t h e  l a s t  p o i n t  on t h e  body contour pl immediately upstream 
of t h e  s e p a r a t i o n  p o i n t  SB. The numbering system of the p o i n t s  v i s  
exp la ined  i n  F igu re  1. 

For t h e  p o i n t s  j 6 v < N on the  l i n e  we o b t a i n  t h e  equat ion:  

(4.10) 

where j i s  t h e  p o i n t  on r$ immediately downstream of t h e  s e p a r a t i o n  
p o i n t  SB. 

Equat ions  (4.9) and (4.10) r e p l a c e  now equa t ions  (4.1) and 
(4 .2) ,  and form a system of N l i n e a r  a l g e b r a i c  equa t ions  whose s o l u ­
t i o n  is the  sou rce  s t r e n g t h  q o ( s )  a long  rl and rz. The equa t ions  a r e  
i n  m a t r i x  form: 
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(4.11) 


The c o e f f i c i e n t s  of the m a t r i x  a r e  c a l c u l a t e d  by the  expres­
s ions : 

f o r  t h e  r e g i o n  1 S v S i, 


f o r  t h e  r e g i o n  1 5 v S i and v B p, 


f o r  the  r e g i o n  j 6 v 6 N and 
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f o r  the  r e g i o n  j 5 v S N and v # p. 

An e s t i m a t i o n  of the  magnitude of t h e  elements of the  m a t r i x  
shows t h a t  t h e  e lements  i n c r e a s e  i n  s i z e  toward t h e  main d i agona l .  
Also,  the  s i g n  of t h e  elements i s  t h e  same on e i t h e r  s i d e  of t h e  main 
diagonal .  The elements avp on rl and r$ a r e  e s s e n t i a l l y  r ep resen ted  
by l n ( 8 r v l  sv-spl ). We remember t h a t  the  i n t e g r a l s  possess  a l o g a r i t h m i c  
s i n g u l a r i t y .  The elements of the main d i agona l  a r e  determined by the  
f i n i t e  p a r t  of  the  s i n g u l a r  i n t e g r a l .  In c a l c u l a t e d  examples, t h e  main 
d iagonal  elements were g r e a t e r  than the  ne ighbor ing  avp  by a t  l e a s t  a 
magnitude. 

The r i g h t  s i d e s  of  the  system of equa t ions  a r e  formed now. 
According t o  equa t ions  (4.1), (4.2) and (4 .4) ,  we o b t a i n  

b 
V 

= 2 r '
V 

f o r  t h e  r eg ion  1 S v 5 i 

and 
-

bv -- qov f o r  t h e  r e g i o n  j 5 v 5 N. 

-
The s o l u t i o n  of the  system w i t h  t h e s e  r i g h t  s i d e s  y i e l d s  qov. 

The s o l u t i o n  q o ( s )  u s u a l l y  jumps a t  the  s e p a r a t i o n  p o i n t .  However, i f  
q o ( s )  i s  a l s o  t h e  s o l u t i o n  of the  system (3 .2) ,  t hen  the source s t r e n g t h  
q o ( s )  behaves l i k e  r ' ( s )  a t  t h i s  p o i n t ;  r ' ( s )  has i n  sB a corner  f o r  the  
ab rup t  and a c o n t a c t  p o i n t  of f i r s t  o r d e r  f o r  t h e  smooth s e p a r a t i o n .  

-I f  the  sou rce  s t r e n g t h  go, i s  i n s e r t e d  i n t o  the  equa t ion  f o r  
the  t a n g e n t i a l  v e l o c i t y ,  V T ~on is  n o t  n e c e s s a r i l y  equal  t o  Vm. We 

2have t o  add an a d d i t i o n a l  source s t r e n g t h  @qov,which i s  m u l t i p l i e d  w i t h  
a c o n s t a n t  C t o  o b t a i n  VTB on r:. We do n o t  know y e t  the c o n s t a n t  C of 
the  p e z t u r b a t i o n  p o t e n t i a l ;  t h e r e f o r e ,  we s e t  i n  (4.11) C = 1 along t h e  
l i n e  r;, and on t h e  body contour rl, the  c o n s t a n t  i s  C = 0, s i n c e  t h e  
normal v e l o c i t i e s  s h a l l  s t i l l  v a n i s h  t h e r e .  

The r i g h t  s i d e s  of t h e  system ( 4 . 1 1 )  a r e  now, w i t h  t h e  same 
elements a

V P  
g iven  as 

b y  = 0 f o r  the r e g i o n  1 5 v s i 
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- 

and 

b v  = 1 f o r  the  r e g i o n  j 5 v 5 N. 

We s o l v e  t h i s  system f o r  t h e  a d d i t i o n a l  sou rce  s t r e n g t h  mOv. This 
sou rce  s t r e n g t h  r e f e r s  t o  t h e  c o n s t a n t  C = 1 and always possesses  a 
jump a t  sB, s i n c e  the  r i g h t  s i d e s  have a jump t h e r e .  

For an a r b i t r a r y  c o n s t a n t  C y  we o b t a i n  t h e  complete s o l u t i o n  
of the system of equa t ions  (4,.11), t h e r e f o r e ,  as 

-
qov - qov + C&,,- (4.12) 

Before we d i s c u s s  the  de t e rmina t ion  of the  c o n s t a n t  C y  we want t o  l i s t  
the quadra tu res  f o r  the  t a n g e n t i a l  and normal v e l o c i t i e s .  Gauss quad­
r a t u r e  procedure i s  app l i ed  t o  equa t ions  (2.7) and (2 .8) ,  and we o b t a i n  
two expres s ions  which c o n t a i n  t h e  d e r i v a t i v e  of the  sou rce  s t r e n g t h  

qov = ( d q o ( s ) / d s )  and which can be combined: 

(4.13) 

The t a n g e n t i a l  v e l o c i t y  i s  thus g iven  as 

8 r  

'T v 
V P V  

- ((1 - +jI n  11 - -1SE + -
2 r  

(1 
- In A)}]s r1 r:sE 

S 
V V 

N l  (x ' [x  -x ]+r r1)Go(k2  )-r r ' (Gl (k2  ) 

2Ti 2 (9,) prP 
v v u v v  VP P v VP. (4.14) 

[(x - x ~ 2+ (xv+x )213/2 AP. 
p=1 V P 
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The normal v e l o c i t y  i s  g iven  w i t h  equa t ion  (2.7) as 

8 r+ 1 {xb (sE1n e+ s v l n  11- "1)S - r K s ]]
S 	 v v E

V 

(r r ' - r ' ( x  v -x 
II.

) )Go(k2  )-r r 'Gl(k2 )v v  v vu u v w A 
2Jc *rp(qo)p ~ r(xv-xp>2 + ( rv+rp )2 1312 P' 

p=1 

(4.15) 

We now t u r n  t o  the  d e t e r m i n a t i o n  of the  c o n s t a n t  C of equa t ions  (4.4) 
o r  (4.12). 

We p r e s c r i b e  on rz i n  v = j the  t a n g e n t i a l  v e l o c i t y  t o  be 
equa l  t o  the  g iven  VTB. on:. Since we have a l r e a d y  c o r r e c t e d  the  
p e r t u r b a t i o n  p o t e n t i a l  of r2 t o  t h a t  of the  e x a c t  f r e e  s t r e a m l i n e  and 
ob ta ined  the cor responding  q o ( s ) ,  we expec t  t h e  t a n g e n t i a l  v e l o c i t y  
a long  the  e n t i r e  l e n g t h r: t o  be equal t o  Vm. 

The complete s o l u t i o n  (4.12) i s  i n s e r t e d  i n t o  equa t ion  (4.14), 
and we s o l v e  f o r  t h e  c o n s t a n t  C. 

33 




where t h e  f u n c t i o n  F, is  g iven  as 

and the  Kernel KVT(p,j) is  

2r {(x' .(x.-x )+r . r ! )Go(k2 . ) . - r  r'.G,(k2.)) 
KvT(I-l,j) = IJ.JJp 3 J  IJ.1 J P J  

- x . > 2  + (r + r . )2~3 /2
J I - 1 J  

The d i f f e r e n t i a t i o n  of t h e  sou rce  s t r e n g t h  w i l l  be d i scussed  l a t e r  on 
i n  g r e a t e r  d e t a i l .  The f u n c t i o n  Cq0 changes r a p i d l y  on i n  the  
neighborhood of s g .  It i s  t h e r e f o r e  d i f f i c u l t  t o  o b t a i n  t h e  d e r i v a t i v e  
(LY&)~ s u f f i c i e n t l y  a c c u r a t e .  We encounter  t h e s e  d i f f i c u l t i e s  always,  
du r ing  the  f i r s t  i n t e g r a t i o n  s t e p s  where C i s  r e l a t i v e l y  l a r g e .  I n  
t h i s  ca se ,  we use  C as obta ined  by (4 .16)  as t h e  z e r o t h  approximation 
f o r  de te rmining  C by t h e  r e g u l a  f a l s i  w i t h  equa t ion  (4 .14) .  

' A f t e r  the  c o n s t a n t  C has been determined, we i n s e r t  (4.12) 
i n t o  equa t ion  (4.15) and c a l c u l a t e  t h e  normal v e l o c i t y  component VN(S) 
on r", and improve the coord ina te s  of the  new l i n e  r:". 

From the  v e l o c i t y  diagram of f i g u r e  l b ,  we o b t a i n  f o r  s m a l l  
angu la r  d i f f e r e n c e s ,  the  r a d i a l  component of V,(S) as: 

(4.17) 

and t h e  a x i a l  component 
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M u l t i p l i c a t i o n  of equa t ion  (4.17) w i t h  x'*(s) and (4.18) w i t h  r'*(s) 
and s u b t r a c t i n g  the  l a t t e r  from t h e  f i r s t  y i e l d s  

and r'iliJ:
We s o l v e  t h e  equa t ions  f o r  x'*'li and o b t a i n  t h e  d e r i v a t i v e s  of 
t h e  new l i n e  f*, which w i l l  be much c l o s e r  t o  t h e  e x a c t  s t r e a m l i n e  r2 
i f  the  procedure converges. 

and 

(4.20) 
.J+ 

The second d e r i v a t i v e s  ~ " ' " ( s )  and rc""*(s) a r e  obta ined  by a numerical  
d i f f e r e n t i a t i o n  of t h e  corresponding s l o p e s .  I n  the  v i c i n i t y  of the  
s e p a r a t i o n  p o i n t  sB, t h e  s l o p e s  of r2 and r y ,  r e s p e c t i v e l y ,  a r e  t o  be 
cons idered  s e p a r a t e l y  i n  o rde r  t o  f i n d  the proper  shape t h e r e .  I n t e ­
g r a t i n g  the d e r  i v a  t i v e  s r '""(s) and X"~"(S)  y i e l d s  the  new coord ina te s  
of the improved l i n e  r2': 

r"'"(s) = r ( s  
B

+E) +sr '""(s) d s  

s B+E 

and 

J J  
X""(s)  = x(s

B
+E)  + 

SB+E 

The de te rmina t ion  of the  coord ina te s  i n  t h e  r e g i o n  sB - s 5 sB + E w i l l  
be d i scussed  l a t e r .  
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Two p o s s i b i l i t i e s  of r e p r e s e n t i n g  t h e  p e r t u r b a t i o n  p o t e n t i a l  
cpo B (s) were g i v e n  a t  the  beginning  of t h i s  c h a p t e r .  The r eason  why t h e  
p e r t u r b a t i o n  p o t e n t i a l  (4.6) w a s  chosen s h a l l  now be g iven :  

Ple m a t r i x  of system (4.11) i s  i n  g e n e r a l  n o t  v e r y  w e l l  con­
d i t i o n e d  tu’]. For one s p e c i f i c  case ,  which w a s  the  flow around t h e  
d i s k  w i t h  CpB = 0 and N = 64 p o i n t s  on rl and I?$, the  de te rminant  had 
t h e  v a l u e  of d e t  A = 5 .4  x and the  cond i t ion ing  number w a s  
KH = 2.8 x I f  t h e  r i g h t  s i d e s  of t h e  system were determined by 
equa t ion  (4.4)  and r$ i n  the  r e g i o n  j S Y 5 N ( case  A ) ,  then the  func­
t i o n  ‘0,’as w e l l  as (&o)v, had a d i s c o n t i n u i t y  of approximately 
equal  magnitude a t  the  s e p a r a t i o n  p o i n t s  SB. The cons t an t  C w a s  approxi ­
matel? 1. Both f u n c t i o n s  had small  o s c i l l a t i o n s  i n  the  v i c i n i t y  of sB 
on r; which d i d  no t  d i sappea r  a f t e r  the  combination of bo th  f u n c t i o n s ,  
accord ing  t o  (4 .12) .  The amplitude of the  o s c i l l a t i o n s  was r e l a t i v e l y  
sma l l ;  t h e r e f o r e ,  the procedure s t i l l  converged. However, the  d i f ­
f e rence  i n  t h e  t a n g e n t i a l  v e l o c i t i e s  (VTB - VT(S)) d i d  n o t  f a l l  below 
a t o l e r a n c e  of .01. These o s c i l l a t i o n s  d i d  no t  a p p r e c i a b l y  d i sappea r  
when a l a r g e r  number of s i g n i f i c a n t  d i g i t s  were employed. 

However, i f  equa t ion  ( 4 . 6 )  determines  the r i g h t  s i d e  of the 
system (4.11) (case B ) ,  the  jump  i n  the  f u n c t i o n  0,a t  sB disappeared  
w i t h  equa t ion  (4 .8 ) .  We remember t h a t  o r i g i n a l l y  t h e  p e r t u r b a t i o n  func­
t i o n  (cpg), was obta ined  w i t h  a continuous sou rce  s t r e n g t h  (qg), of the  
system (3 .2) ;  and (q;), i s  continuous i f  r ’ ( s )  i s  continuous on rl and 
J­


ofy;. I n  the  second s o l u t i o n  (ao), t h e  system, the  o s c i l l a t i o n s  
remain, s i n c e  t h e  jump i n  the  r i g h t  s i d e  remains the same. However, 
t h e  o s c i l l a t i o n s  d i sappea r  now w i t h  t h e  c o n s t a n t  C.  The t a n g e n t i a l  
v e l o c i t y  d i f f e r e n c e  (VTB - VT(S) )  could be made s m a l l e r  than .001 f o r  
t h i s  case.  

Where accuracy  i s  n o t  the l ead ing  f a c t o r ,  approach (A) i s  
the  s h o r t e s t  t o  o b t a i n  a s o l u t i o n .  Here, t h e  a d d i t i o n a l  s o l u t i o n  of the 
system ( 3 . 2 )  i s  n o t  c a l l e d  f o r ,  s i n c e  cpg(s) and V;(s) do not  appear i n  
the  e v a l u a t i o n  of t h e  p e r t u r b a t i o n  p o t e n t i a l .  

(2) 	 The D i r e c t  S o l u t i o n  of the Problem by Spec i fy ing  
VTB on I?: 

I n s t e a d  of us ing  the s p e c i f i e d  p o t e n t i a l  along rz, one under­
s t a n d a b l y  would p r e f e r  t o  use the  t a n g e n t i a l  v e l o c i t y  VTB d i r e c t l y . .  
With t h i s  approach, one would e l i m i n a t e  the  de t e rmina t ion  of the  con­
s t a n t  C y  and the  procedure would be shor tened  cons ide rab ly .  However, 
one has t o  overcome o t h e r  o b s t a c l e s .  
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I n  l i e u  of t h e  i n t e g r a l  equa t ion  (4.2) o r  (4.10), we w r i t e  
now equa t ion  (4.14) w i t h  ( V T ) ~  = ( V T B ) ~  f o r  t h e  r e g i o n  rz: 

s r '  
S 

V 
2 r  

V - In A)}] 

This expres s ion  r e p r e s e n t s  formal ly  an i n t e g r o - d i f f e r e n t i a l  equa t ion  f o r  
the unknown q u a n t i t i e s  (qo )v  and (qb)v.  The geometr ic  f u n c t i o n s  x v 7  rv7  
and t h e i r  d e r i v a t i v e s  a r e  temporar i ly  provided by t h e  l i n e  pc We

?' express  the  d e r i v a t i v e  of the source s t r e n g t h  by t h e  d i f f e r e n t i a t e d  
Lagrange i n t e r p o l a t i o n  formula.  

The c o e f f i c i e n t s  of the  i n t e r p o l a t i o n  formula Li(s)  a r e  polynomials of 
degree  n,  which c o n t a i n  only s i .  

The elements of the m a t r i x  (4.11) f o r  p o i n t s  of the r e g i o n  
(j S v 5 N )  on rz a r e  g iven  now by 

s r '  

S 2 r  
V V 
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For the  p o i n t s  v # p and 1-1 # v i1, the  e lements  a r e  g iven  by 

A r [x' (x -x )+r r ' ]Go(k2  )-r r 'G l (k  
a v v v .  v v  V P  IJ. v , VP

) 

c (xv-xp>2 + (rv+rP)213/2 

For t h e  d i a g o n a l s  immediately ne ighbor ing  the  p r i n c i p a l  -diagonal , we 
w r i t e ,  w i t h  the  above expres s ion ,  

+ -a v(vi1) L:il+ a  v(vi1)' 

I f  t h e  p o i n t s  v = j and v = N a r e  approached, t h e  a b s c i s s a s  sv of 
Lagrange's i n t e r p o l a t i o n  formula have t o  be s h i f t e d  downstream, o r  
upstream by a p o i n t ,  r e s p e c t i v e l y .  I n  the neighborhood of the  sepa ra ­
t i o n  p o i n t  sB, t h e  d i f f e r e n t i a t e d  i n t e r p o l a t i o n  polynomial r e p r e s e n t s  

s i n c eon ly  a rough approximation t o  mv, (qA)v i s  s i n g u l a r  t h e r e  f o r  
t h e  a b r u p t  s e p a r a t i o n .  

The in t eg rand  of the  i n t e g r a l  e x p r e s s i o n  f o r  t h e  t a n g e n t i a l  
v e l o c i t y  component was developed i n t o  a s e r i e s  w i t h  s m a l l  E = ( s  - S B ) .  
The dominating term w a s  1/(sP-sv). The el'ements avp  t h e r e f o r e  change 
s i g n  when pass ing  a c r o s s  the  main d i agona l .  The a b s o l u t e  v a l u e  of the  
elements on b o t h  s i d e s  of t h e  p r i n c i p a l  d i agona l  i s  l a r g e .  I n  a l l  c a l ­
c u l a t e d  c a s e s ,  t h e  v a l u e  of the  elements lav(vkl) 1 w a s  l a r g e r  than the  
v a l u e  of t h e  element of the  main d i agona l ,  which w a s  g iven  by the  f i n i t e  
p a r t  and the  c e n t r a l  d i f f e r e n t i a t e d  c o e f f i c i e n t  of Lagrange's i n t e r p o l a ­
t i o n  polynomial. A m a t r i x  of t h i s  kind is  u s u a l l y  n o t  ve ry  w e l l  condi­
t i oned .  The r e s u l t i n g  s o l u t i o n  qo(s )  w a s  o s c i l l a t i n g  s e v e r e l y ;  t h e r e f o r e  
i t  w a s  n o t  f i t  t o  be used f o r  de te rmining  the  normal v e l o c i t y  VN(S) w i t h  
equa t ion  (4.15). The procedure diverged.  The amplitude of the o s c i l ­
l a t i o n  v a r i e d  w i t h  t h e  number of p o i n t s  a long  rz. Other methods t o  
s o l v e  the  system (4.11) were no t  employed. This  method of s o l u t i o n  was 

Ti'; OB 
(s) w a s  s p e c i f i e d  alongdropped and, i n s t e a d  of VTB, the  p o t e n t i a l  ~8 

2. 

(3) 	 The Free S t r eaml ine  i n  t h e  Neighborhood of t h e  
S e p a r a t i o n  P o i n t  

The s p e c i a l  behavior  of the  f r e e  s t r e a m l i n e  r2 a t  the  sepa ra ­
t i o n  p o i n t  is  now i n v e s t i g a t e d  i n  more d e t a i l .  I n  analogy t o  the  p lane  
c a v i t y  flow, one can c a l c u l a t e  f a m i l i e s  of convex and concave f r e e  
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4+n 

s t r e a m l i n e  f lows,  which have the s e p a r a t i o n  p o i n t  sB and the  c a v i t y  
p r e s s u r e  c o e f f i c i e n t  cPB a s  parameters.  One can a l s o  apply  the  
behavior  of t h e  p lane  f r e e  s t r e a m l i n e  a t  the  s e p a r a t i o n  p o i n t  t o  t h e  
r o t a t i o n a l  symmetric one, e s p e c i a l l y  s i n c e  t h e  two f i r s t  terms of the  
Laplace equa t ion  GX+ hr + &/r  = 0 a t  a n d . i n  t h e  v i c i n i t y  of a 
s i n g u l a r i t y  a r e  overwhelmingly l a r g e  compared t o  the t h i r d  term of 
the l e f t  s i d e .  I n  t h i s  r e s p e c t  the  s o l u t i o n s  of the  Laplace equa t ions  
f o r  bo th  flows a r e  similar.  This argument i s  d e f i n i t e l y  t r u e  f o r  t h e  
ab rup t  s e p a r a t i o n .  For t h i s  ca se  the  f r e e  s t r e a m l i n e  r2 the  i n f i n i t e  
cu rva tu re  a t  sB and the  t a n g e n t i a l  v e l o c i t y  has  an i n f i n i t e  g r a d i e n t  
on rl a t  S B .  

Smooth bodies  w i t h  continuous c u r v a t u r e ,  fur thermore,  c o n t a i n  
po in t s  on t h e i r  s u r f a c e  i n  which smooth s e p a r a t i o n  occurs .  For t h e s e  
po in t s  sB t h e  cu rva tu re  K of the  f r e e  s t r e a m l i n e  r2 i s  f i n i t e  and equal  
t o  the c u r v a t u r e  of the body a t  sB. The t a n g e n t i a l  v e l o c i t y  i s  smooth 
and continuous a t  SB when pass ing  from rl t o  r2. The d i s c u s s i o n  of 
t hese  flows w i l l  be taken up aga in  a t  a l a t e r  time when s p e c i a l  c a l ­
cu la t ed  cases  a r e  p re sen ted .  

The f r e e  s t r e a m l i n e  i s  approximated by a s u i t a b l e  polynomial 
a t  the s e p a r a t i o n  p o i n t  S B .  We assume, i n  accordance w i t h  t h e  above 
argument, t h a t  the two-dimensional f r e e  s t r e a m l i n e  has the  same 
behavior as t h e  r o t a t i o n a l  one a t  sB. Le t  u s ,  t h e r e f o r e ,  f o r  i l l u s ­
t r a t i o n ,  cons ide r  and d i s c u s s  the Helmholtz flow around a p l a t e  of 
width b = 2.  From r e f e r e n c e  16 ,  we o b t a i n  t h e  coord ina te s  of t h e  
f r e e  s t r e a m l i n e  r2 as a f u n c t i o n  of the  parameter t .  

(4.21) 

The parameter t a t t a i n s  va lues  between t = 1 and t = co. For t = 1, we 
o b t a i n  t h e  s e p a r a t i o n  p o i n t  SB of the p l a t e .  To change the  equa t ions  
(4.21) t o  the  a r c  l e n g t h  s ,  we d i f f e r e n t i a t e  x and r w i t h  r e s p e c t  t o  
t ,  form the  expres s ion  d s / d t  and i n t e g r a t e  over t. The a r c  l e n g t h  i s ,  
consequently,  

s = sB + -b ( t 2 - 1 ) .4+7t 

The coord ina te s  f i n a l l y  become, w i t h  t h e  a b b r e v i a t i o n  E = S-SB, 

br(s) = 1 + -2b (L"" + 1 - 1) 
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and 

The f i r s t  d e r i v a t i v e s  of t h e  coord ina te s  a r e  

X I  ( s )  = y-1- ; r f  (s) = I/]-, (4.22) 

and f i n a l l y  t h e  second ones 

These combine t o  y i e l d  the  cu rva tu re  

Looking a t  the second d e r i v a t i v e ,  we observe t h a t  the s i n g u l a r i t y  i s  
caused by x l ' ( s ) .  The expres s ion  rf l ( s ), however, approaches w i t h  E 4 0 
a f i n i t e  v a l u e .  

4+ltl i m  r l l ( s )  = - -= -1.7854.2b 
�+ 0 

For the  r o t a t i o n a l  ca se ,  we choose a s imi la r  polynomial which, 
however, i nc ludes  a wider v a r i e t y  of c a s e s ,  the  ab rup t  a s  w e l l  as the 
smooth s e p a r a t i o n .  A f t e r  having inspected a l a r g e  number of c a s e s ,  we 
decided t h a t  t h e  expres s ion  

r1 ix'  6 
0 0

r f ( s )  = + r r E  + b , ~ ~ / '... (4.24) 
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was t h e  b e s t  f i t  t o  the  f r e e  s t r e a m l i n e  r2 i n  t h e  v i c i n i t y  of t h e  sepa ra ­
t i o n  p o i n t  sg.  The terms rb ,  xb and t h e i r  h ighe r  d e r i v a t i v e s  a r e  the  
s l o p e s ,  e t c .  , of t h e  body contour rl a t  sB, x&= x1( s g ) .  

weAccording t o  t h e  r e l a t i o n  x ' ( s ) ~= 1 - r ' ( ~ ) ~ ,o b t a i n ,  
a f t e r  some a l g e b r a ,  

(4.25) 


The second d e r i v a t i v e s  a r e  

and, w i t h  r 'r ' '  + x'x'' = 0,  we o b t a i n  

The second d e r i v a t i v e s  show a g a i n  which of the  expres s ions  c o n t r i b u t e  t o  
the  s i n g u l a r i t y .  I n  the  case of a flow s e p a r a t i n g  from the  d i s k ,  w i t h  
xb = 0 and r h  = 1, x " ( s )  causes the  s i n g u l a r i t y ,  and r " ( s )  approaches a 
f i n i t e  v a l u e  (alrh/2 + r:). I f  we s e t  ax  = ( 4 + ~ ) / b ,  we o b t a i n  the  e x a c t  
expres s ions  f o r  the  p lane  case ( equa t ion  (4 .23) ) .  On t h e  o t h e r  hand, 
i f  x: = 1 and r: = 0 ,  r''(s) w i l l  cause  t h e  s i n g u l a r i t y .  This c a s e ,  f o r  
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i n s t a n c e ,  r e p r e s e n t s  t h e  flow about  a sphe re  w i t h  the  p o i n t  of s e p a r a t i o n  
a t  sB = n/2. 

We choose t h e  s i g n  accord ing  t o  

We o b t a i n  t h i s  r e l a t i o n  from equa t ion  (4.24) w i t h  the  denominator of the  
f i r s t  t e ' r m  neg lec t ed .  A t  the  p o i n t  of smooth s e p a r a t i o n ,  the  square 
r o o t  changes the  s i g n  and r ' ( s )  has f o r  t h i s  case the  s e r i e s  
development : 

I n t e g r a t i o n  of equa t ion  (4.24) y i e l d s  t h e  r a d i u s  of the f r e e  
s t r e a m l i n e  r2. We i n t e g r a t e  between the  l i m i t s  SB and S ,  o r  E = 0 and 
E ,  and o b t a i n  

(4.27) 

and 

+ ... . (4.28) 
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For the  d e t e r m i n a t i o n  of t h e  two c o n s t a n t s  al and b,, we  employ t h e  p o i n t s  
v = j , k ,  t h e  two p o i n t s  immediately downstream of the  s e p a r a t i o n  p o i n t .  
With the  a b b r e v i a t i o n  A = r!J - E ? 1 2 r ' / E 3 / 2k - r"�.(1-(Ej/ck)1'2) yJ k 

O J  

Since a l  appears  a l s o  on the  r i g h t  s i d e ,  we s o l v e  t h e  expres s ion  f o r  a l  
w i t h  the r e g u l a  f a l s i .  The c o n s t a n t  b, i s  nowgiven  as 

The cu rva tu re  of the  f r e e  s t r e a m l i n e  can now approximately be w r i t t e n  as 

(4 .29 )  
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I f  t h e  flow s e p a r a t e s  smoothly from a curved o b s t a c l e ,  the  c o n s t a n t  a, 
d i s a p p e a r s  and the  s i n g u l a r  term drops o u t  of t h e  expres s ion .  

�+ 0 0 

a,+ 0 

This i s  t h e  c u r v a t u r e  of the  contour r, a t  t h e  s e p a r a t i o n  p o i n t .  

For , t h i s  case t h e  d e r i v a t i v e  of t h e  r a d i u s  w i t h  r e s p e c t  t o  
t h e  a r c  l e n g t h  i s ,  w i t h  one a d d i t i o n a l  term, 

r '  (s) = r; + r g E  + b1E3/2 + r"' c2/2.
0 

The second d e r i v a t i v e  i s  continuous s i n c e  the  s i n g u l a r  term vanished .  
The t h i r d  d e r i v a t i v e  however 

can be s i n g u l a r ,  depending upon b, becoming ze ro  o r  n o t .  The d e r i v a t i v e  
of t h e  x -coord ina te  becomes now 

r'rl' r " E 2  b r '  b r r ' E 5 / 2  b f e2  
0 l ox ' ( s )  = x' 

0 
- -0 0  

E + 7+ 7� 3 / 2  + 1 0  +-2x' + ... ,
X '  2x X X '
0 0 0 0 0 

where -x" = r" r ' /xA and K O  = rg /x&.  To determine the c o n s t a n t  b,, we
0 0employ tge  p o i n t  v = k  , downstream of the s e p a r a t i o n  p o i n t  and r e t a i n  

only t h e  term w i t h  b,: 

The r a d i u s  of the  f r e e  s t r e a m l i n e  becomes now f o r  the  smooth s e p a r a t i o n  

r ( s )  = r 
0 

+ r ' e  + r"0 2  -+ 2 b,�5/2,
0 
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- - - 0 0  - - 

and t h e  x -coord ina te  i s  

r '  r" 2b r b  r"$ 
0x(s)  = xo -!- X ' E  2x1 

�2 --E5/2 
6x' ... .

0 
0 5x; 0 

The f u n c t i o n  (4.24) is chosen more o r  l e s s  i n t u i t i v e l y ;  on ly  fo r  t h e  
Helmholtz flow around a d i s k  has  (4.24) a j u s t i f i c a t i o n  t o  r e p r e s e n t  
t h e  f r e e  s t r e a m l i n e  i n  t h e  v i c i n i t y  of t h e  s e p a r a t i o n  p o i n t .  However, 
e q u a t i o n  (4.24) w a s  f i t t e d  t o  a g r e a t  number of c a l c u l a t e d  c a s e s ,  a l l  
of which the  curve  f i t  was v e r y  good and r ep resen ted  t h e  geometr ic  
f u n c t i o n s  of r2 i n  t h e  immediate neighborhood e x c e l l e n t l y  f o r  the  
ab rup t  as w e l l  as f o r  t h e  smooth s e p a r a t i o n .  

For the  de t e rmina t ion  of c e r t a i n  v e l o c i t y  components, f o r  
i n s t a n c e ,  t h e  t a n g e n t i a l  v e l o c i t y ,  the s e r i e s  expansion of t h e  Kernel 
f u n c t i o n  needs t h e  d e r i v a t i v e  of the  sou rce  s t r e n g t h ,  d q ' ( s ) / d s .  I n  
g e n e r a l ,  t h e  sou rce  s t r e n g t h  v a r i e s  w i t h  t h e  d e r i v a t i v e  of the contour 
a s  i n d i c a t e d  by equa t ion  (4.1). The d e r i v a t i v e  of the  source s t r e n g t h  
behaves,  consequent ly ,  l i k e  r"(s). We assume, t h e r e f o r e ,  

q ( s )  = qo + c1 JE + qoE + C2E+ 

The p o i n t s  v = j , k  downstream of SB a r e  a g a i n  used t o  determine t h e  two 
c o n s t a n t s  C ,  and C2. We d e s i g n a t e  the  v a l u e  of the  sou rce  s t r e n g t h  a t  
sB as  qo. We o b t a i n  t h i s  v a l u e  by a simple e x t r a p o l a t i o n  of the  source 
s t r e n g t h  a t  p o i n t s  upstream of sB. It is 

and 
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The d e r i v a t i v e  of t h e  source  s t r e n g t h  wi th  r e s p e c t  t o  the  a r c  l e n g t h  i s  
f i n a l l y  

q ' ( s )  = -c, + q; + c2 $IF+... . 
2&-

Again, the  c o n s t a n t  C, d i s appea r s  i f  the  s e p a r a t i o n  of the  f r e e  stream­
l i n e  i s  smooth. 

( 4 )  	 C e r t a i n  Changes of the  General Procedure f o r  the  
A p p l i c a t i o n  of Other Models 

I n  t h e  g e n e r a l  d i s c u s s i o n  of the  theo ry ,  we d i d  no t  mention 
the  changes f o r  o t h e r  than the  Helmholtz model. A s  we a l r e a d y  mentioned, 
t h i s  model has i n f i n i t e  s t r e a m l i n e s  r2. The i n t e g r a t i o n ,  however, i s  
te rmina ted  i n  SE. This p o i n t  must be p laced  s u f f i c i e n t l y  downstream of 
SB i n  o rde r  t o  r ende r  the e r r o r s  sma l l .  A s p e c i a l  e r r o r  i n v e s t i g a t i o n  
approach i s  g iven  i n  appendix D which de te rmines ,  when a p p l i e d ,  whether 
t h e  t e rmina t ion  p o i n t  sE should be placed s t i l l  f u r t h e r  downstream. 

Levinson [17] determined t h e  asymptot ic  form of t h e  f r e e  s t ream­
l i n e .  With the  assumption of s u i t a b l e  r e g u l a r i t y  c o n d i t i o n s ,  he showed 
t h a t  the  f r e e  s t r e a m l i n e  had the  asymptot ic  form of 

The c o n s t a n t  C" i s  a form f a c t o r  and can be l i nked  t o  t h e  drag of t h e  
body by the  r e l a t i o n  

fl -7- 4
D = -8 PC" U,. 

S u f f i c i e n t l y  downstream of sB, the  s l o p e  of the  f r e e  s t r e a m l i n e  i s  small  
and we can assume, accord ing  t o  the  s l e n d e r  body theo ry ,  t h a t  the  source 
s t r e n g t h  i s  p r o p o r t i o n a l  t o  the  s l o p e  of the  contour 
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We observe t h a t  t he  source  s t r e n g t h  dec reases  i n  p ropor t ion  t o  CJ:/&. 
The asymptot ic  form f o r  qo(x) w a s  f i t t e d  t o  qo(x)  of t a b l e  2,  and 
a n  e x c e l l e n t  agreement w a s  ob ta ined .  

According t o  equa t ion  (D,.18) of appendix D ,  t h e  induced 
normal v e l o c i t y  a t  sB of t h a t  p a r t  of t h e  i n f i n i t e  wake which is  
neglec ted  i s  p r o p o r t i o n a l  t o  t h e  sou rce  s t r e n g t h  a t  SE, t o  t h e  i n v e r s e  
of xE,  and t o  t h e  i n v e r s e  of t h e  exponent (k+l), which is  a measure f o r  
t h e  decay of t h e  sou rce  s t r e n g t h  q w i t h  i n c r e a s i n g  s .  S ince  i n  t h e  
Helmholtz model t h e  sou rce  s t r e n g t h  a t t e n u a t e s  only  moderately w i t h  x, 
t h e  end po in t  SE o r  xE has t o  be taken r a t h e r  l a r g e  i n  order  t o  keep 
AVN(SB) sma l l .  

The Riabouchinsky model r e q u i r e s  r a t h e r  e x t e n s i v e  changes i n  
t h e  method of s o l u t i o n .  The symmetry of t h e  model i s  r e f l e c t e d  i n  t h e  
symmetry of t he  m a t r i x  e lements:  a v p  a(m-v)(m-p) ,  where m = N + 1. 
Due t o  t he  model symmetry t h e  c a l c u l a t i o n  e f f o r t  i s  reduced t o  h a l f .  
The r i g h t  s i d e  of t h e  system of equa t ions  i s  an odd f u n c t i o n  (b,,=-b(,-,, 
w i t h  r e s p e c t  t o  SR f o r  2 rb  and (cp0),,, i t  i s  an  even f u n c t i o n  (bV=b(,-,, 
f o r  t h e  c o n s t a n t  C.  From t h i s  behavior  of t h e  system, we can deduce thl)a t  
(90),, i s  an odd f u n c t i o n  and (Lq0),, i s  an  even f u n c t i o n  w i t h  r e s p e c t  t o  
SR.  We have now t h e  p o s s i b i l i t y  t o  combine c e r t a i n  e lements  of t h e  
m a t r i x .  For the  numerical  s o l u t i o n ,  we use only  the  N / 2  po in t s  on t h e  
forward p o s i t i o n  of t h e  body and s t r e a m l i n e  up t o  the  p o i n t  of symmetry 

We w r i t e  t h e  m a t r i x  a s  

+ o  

.. 
-
qoi +nqoi  + o  

- . ( 4 . 3 0 )  

'0 j + n q o j  + 1  

.. 
+ 1  

'ON/ 2-
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The elements a r e  now formed by t h e  d i f f e r e n c e  o r  sum of two avpls .  For 
t h e  r e g i o n  1 5 v 5 i, t h e  elements a r e  formed by t h e  expres s ions  

N 1  


-r K s -1[xb (1. 
P V  

- 1) - Ap}]v v E  
p=1 

and 

r ( r v x ~ - r ~ ( x v - x ~ ) ) G o ( k 2>-r rbG,(k2 ) 
A = a  i a  . ~.VN . I-1 ” r A  

vp vp v(m-p> fi [ (xv-xp>2 + ( rv+ru)  
2 13/2  1-11-1 

For p o i n t s  on the  f r e e  s t r e a m l i n e  ( j  5 v 5 N / 2 ) ,  we o b t a i n  
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and 

-
I f  we s o l v e  t h e  system f o r  the  f u n c t i o n  (q,),,, we apply  the  

upper s i g n .  The lower s i g n  i s  used,  however, when (&o)v i s  .the so lu ­
t i o n  t o  t h e  system. 

The procedure t o  s o l v e  t h e  system (4.30) i s  the  same as i t  i s  
w i t h  the  Helmholtz model. The p o s i t i o n  of the  plane of symmetry i s  
found w i t h  the  c o n d i t i o n  r ' ( s )  = 0 on rz. We c a l l  t h i s  p o i n t  SR. 

The s o l u t i o n  of t h e  system (3 .2)  provides  us w i t h  t h e  pe r tu rba ­
t i o n  p o t e n t i a l  ( c$ )~and t h e  t a n g e n t i a l  v e l o c i t y  (V?), on the  contour
rl and E. A s  a nex t  s t e p ,  we  de te rmine  w i t h  (4 .8 )  the  expres s ion  
The p e r t u r b a t i o n  p o t e n t i a l  of t h e  symmetric body-cavi ty  c o n f i g u r a t i o n  is 
an odd f u n c t i o n  w i t h  r e s p e c t  t o  SR. However, i t  can only be an odd 
f u n c t i o n  i f  the  i n t e g r a l  e x p r e s s i o n  i n  (4 .8)  d i s a p p e a r s .  I n  g e n e r a l ,  
t h i s  w i l l  n o t  be the  c a s e ;  t h e r e f o r e ,  we have t o  s u b t r a c t  from t h e  func­

the  ant i o n  ovv a l u e  of t h i s  f u n c t i o n  a t  S R  i n  o r d e r  t o  make 0, 
odd f u n c t i o n  

SB 


I n  the  p a s t  we could f r e e l y  change the  c o n s t a n t  C.  For t h e  s o l u t i o n  of 
t h i s  system, we a g a i n  s e t  C = 1. With equa t ion  (4 .16) ,  we de termine  the  
c o n s t a n t  C. I f  the  c o n s t a n t  C does n o t  v a n i s h ,  the  g e n e r a l  s o l u t i o n  
(qo)v i s  n o t  an odd f u n c t i o n  w i t h  r e s p e c t  t o  SR, s i n c e  i t  s t i l l  c o n t a i n s  
t h e  even c o n t r i b u t i o n  C(&,),. The normal v e l o c i t y  ( V N ) ~i s  c a l c u l a t e d  
along t h e  e n t i r e  l e n g t h  of 3, and w i t h  i t  and equa t ions  (4 .17)  and 
(4.18) an improved l i n e  $* 1 s  determined. Again we app ly  t h e  condi­
t i o n  r ' ( s )  = 0, and a new p o i n t  of symmetry SR i s  ob ta ined .  The cyc le  
can thus s t a r t  anew. 
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Few changes-are  r e q u i r e d  f o r  t h e  d i s s i p a t i o n  model. For 
c a v i t y  p r e s s u r e s  c p ~< 0, t h e  a b s o l u t e  v a l u e  of t h e  c u r v a t u r e  has a 
minimum downstream of SB; t h e r e a f t e r  i t  i n c r e a s e s  a g a i n .  The c u r v a t u r e  
i n c r e a s e  of t h e  f r e e  s t r e a m l i n e  i n  the  t h e o r e t i c a l  f low w i l l  no t  be 
r e a l i z e d  i n  t h e  p h y s i c a l  flow because of t u r b u l e n t  d i s s i p a t i o n .  The 
t a n g e n t i a l  v e l o c i t y  VTB a long  t h e  f r e e  s t r e a m l i n e  is  c o n s t a n t  on ly  f o r  
a s h o r t  d i s t a n c e  behind t h e  base  of t h e  body. A f t e r  t h a t  i t  dec reases  
i n  o rde r  t o  o b t a i n  the  f r e e s t r e a m  va lue  a t  i n f i n i t y ;  VT = 1. There fo re ,  
t h e  f r e e  s t r e a m l i n e  of the  d i s s i p a t i o n  model i s  r ep laced  by a s t r a i g h t  
l i n e  r3. The c o n t a c t  between $ and r3 i s  of f i r s t  o r d e r .  r3 r e p r e ­
s e n t s  the t r a c e  of a s t r eam t u b e ' o f  c o n s t a n t  d i ame te r .  The p o i n t  of 
c o n t a c t  i s  SD, where r ' ( s )  = 0. The c o n t a c t  p o i n t  sD i s  t o  be d e t e r ­
mined f o r  each  i t e r a t i o n  s t e p .  It r e p r e s e n t s  a l s o  t h e  end and s t a r t i n g  
p o i n t s  of two c h a r a c t e r i s t i c  s e c t i o n s  of t h e  body. Therefore ,  t h e  f i x e d  
p o i n t s  i n  t h e s e  two s e c t i o n s  sepa ra t ed  by sD must be determined f o r  
each s t e p  

The s t r eam tube r3 is  cons idered  t o  be a s o l i d  s u r f a c e .  Con­
s e q u e n t l y ,  t h e  boundary c o n d i t i o n  (1 .21)  must be s a t i s f i e d  on r3. The 
i n t e g r a l  equa t ion  ( 4 . 1 )  o r  ( 4 . 9 )  which i s  t o  be used f o r  the  r e g i o n  r, 
and which s a t i s f i e s  (1.21)  i s  now a l s o  app l i ed  t o  the  r e g i o n  r3. Thus, 
t h e  l i n e a r  a l g e b r a i c  equa t ion  has the  fo l lowing  m a t r i x  form: 

( 4 . 3 1 )  

.=0 




The elements of the m a t r i x  (4.31) f o r  the  r eg ions  1 s v < i 
and j d v d k a r e  e x a c t l y  t h e  s a m e  as those of the  system (4.11) f o r  
t h e  r eg ions  1 L v d i and j 5 v 5 N.  The elements of t h e  a d d i t i o n a l  
r e g i o n  r3 (1 d 0 d N) of (4.31) a r e  g iven  by the  r e l a t i o n  

and 

r 
IJ- (rVx l - r l [ x  V-x L I)Go(k; )-r xLGl(kz ) 

a = - V V A .  
VIJ- S I 2  [(x,-x,> 2 + (rv+rIJ-)2 1312 IJ-

The r igh t -hand s i d e s  of (4.31) f o r  t h e  same r e g i o n  a r e  

b = 2 r '  = 0 
V V 

i f  we s o l v e  f o r  (qo)v ,  and 

b v = C = O  

The source  s t r e n g t h  q o ( s )  i si f  we s o l v e  the  system (4.31) f o r  (ao),.

continuous a t  the p o i n t  of c o n t a c t  SD; i t s  d e r i v a t i v e ,  however, i s  d i s ­ 

continuous and we have t o  t r e a t  q o ( s )  i n  the  neighborhood of SD sepa ra ­ 

t e l y .  -The i n t e g r a l  of (4.8) i s  eva lua ted  only between sB I s S sD, 

s i n c e  (cp,),, i s  used only a long  r$. 


The p o s i t i o n  of SD i s  a f u n c t i o n  of t h e  c a v i t a t i o n  c o e f f i c ­
i e n t  Cpg. With dec reas ing  CPB, the  p o i n t  of c o n t a c t  approaches t h e  
s e p a r a t i o n  p o i n t  sg. For the  numerical  c a l c u l a t i o n ,  we ' t e rmina te  the  
stream tube rs a c e r t a i n  d i s t a n c e  SE downstream of the  s e p a r a t i o n  p o i n t .  
According t o  the  e r r o r  e s t i m a t i o n  g iven  i n  t h e  appendix,  i t  i s  s u f f i c i e n t  
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t o  l e t  r3 extend approximately 10 r a d i i  downstream, s i n c e  qo(SE) a t t e n u ­
a t e s  r a t h e r  q u i c k l y  on r3 and t h e  exponent k is r a t h e r  l a r g e .  

For the  i n v e s t i g a t i o n  of t h e  rearward s e p a r a t i o n  p o i n t  from 
a sphe re ,  t h e  f r e e  s t r e a m l i n e  r2 has t o  be a l t e r e d  i n  t h e  v i c i n i t y  of 
t h e  x - a x i s .  We unders tand  by the  rearward s e p a r a t i o n  p o i n t s  those 
p o i n t s  SB f o r  which t h e  f r e e  s t r e a m l i n e  forms a cusp o r  i n t e r s e c t s  t h e  
x-axis .  For t h e s e  c a s e s ,  the  cu rva tu re  of the  f r e e  s t r e a m l i n e  i s  pos i ­
t i v e ,  and t h e r e f o r e  concave t o  t h e  o u t e r  f low f i e l d .  Due t o  the  v i c i n i t y  
of the  x -ax i s ,  t h e  n a t u r e  of t h e  s e r i e s  expansion ( l /r  >> I), and the  
inadequate  t r ea tmen t  of t h e  rearward s t a g n a t i o n  p o i n t ,  sma l l  e r r o r s  i n  
q
0

(s)  appear i n  t h a t  r eg ion .  The normal v e l o c i t i e s  computed w i t h  t h e s e  
q o ( s )  tended t o  make r$ convex; whereas, the  r e a l  s o l u t i o n  should remain 
concave i n  o r d e r  t o  form a cusp. The re fo re ,  rz w a s  r ep laced  i n  the  
r e g i o n  of the  rearward s t a g n a t i o n  p o i n t .  Whenever t h e  cu rva tu re  of t h e  
f r e e  s t r e a m l i n e  became lower than a c e r t a i n  v a l u e  K ~ ,t h e  cu rva tu re  
K ( S )  was  r ep laced  from t h i s  p o i n t  on w i t h  an exponen t i a l  f u n c t i o n  

K ( S )  = K, exp( -a ( s - sL) ) .  

The f a c t o r  a w a s  determined thus :  t h a t  the  nex t  d e r i v a t i v e  of the curva­
t u r e  K ' ( s L )  was cont inuous.  The c u r v a t u r e  K~ = K ( S L )  can be determined 
w i t h  an expres s ion  de r ived  from (C.16) by r e q u i r i n g  t h a t  the t a n g e n t i a l  
v e l o c i t y  a t  SL be equal  t o  t h e  s p e c i f i e d  v e l o c i t y  Vm. 

We w r i t e  

w i t h  an unspec i f i ed  nh. Next, we form the  r a t i o  K ~ / K " ( s L )  and s e t  
Ah"/& = 1. Thus, we o b t a i n  an approximate equa t ion  t o  determine K~ 

where K*(SL)  i s  the  cu rva tu re  of a t  S L .  On the  remainder of the  l i n e ,  
which we w i l l  d e s i g n a t e  r3 i n  accordance w i t h  the  d i s s i p a t i o n  model, t h e  
p r e s s u r e  cannot be s p e c i f i e d  any more. The re fo re ,  t h e  rearward s t agna ­
t i o n  p o i n t  l o c a t i o n  is i n  e r r o r ,  and a l s o  the  cu rva tu re  a t  t h a t  p o i n t  i s  
wrong. Another method t o  f i n d  the  cusped c a v i t y  i s  mentioned i n  a l a t e r  
chap te r .  
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The system of equa t ions  f o r  de te rmining  t h e  sou rce  s t r e n g t h  
i s  the  same as g i v e n  by (4.31) - w i t h  the  excep t ions  of the  r i g h t  s i d e  
f o r  r e g i o n  1 5 v 5 N ,  which becomes now 

b v  = 2rC 

-
i f  we s o l v e  t h e  system f o r  (q0),, and 

b , = C = O  

i f  we s o l v e  f o r  (@qo),: Since the  d e r i v a t i v e  of t h e  c u r v a t u r e  i s  con­
t inuous i n  sL, t h e  d e r i v a t i v e  of t h e  sou rce  s t r e n g t h  d q o ( s ) / d s  i s  con­
t inuous  and smooth i n  t h e  neighborhood of t h a t  p o i n t .  The re fo re ,  no 
s p e c i a l  t r ea tmen t  of t h e  r e g i o n  a d j o i n i n g  sL i s  given.  

For a c e r t a i n  (sB; Cpg) combination w i t h  Cpg > 0 and CD < 0, 
t h e  f r e e  s t r e a m l i n e  r2 does n o t  i n t e r s e c t  the  a x i s  of symmetry. The 
cu rva tu re  of t h e  f r e e  s t r e a m l i n e  i s  s t i l l  p o s i t i v e  and concave; how­
e v e r ,  i t  has a minimum downstream of SB and a f t e r  t h a t ,  i t  i n c r e a s e s  
r a t h e r  r a p i d l y .  The f u n c t i o n  r ' ( s ) ,  o r i g i n a l l y  n e g a t i v e ,  changes i t s  
s i g n  i n  t h e  v i c i n i t y  of t h e  c u r v a t u r e  minimum and r2 d i v e r g e s .  Whenever 
t h i s  happens, we determine t h e  p o i n t  of c o n t a c t  between r2 and r3 w i t h  
the  c o n d i t i o n  r ' ( s )  = 0 and apply  the  concept of t h e  d i s s i p a t i o n  model. 
With CPB dec reas ing  and CD approaching ze ro ,  t h e  s t r eam c y l i n d e r  r3 w i l l  
d imin i sh  u n t i l  f i n a l l y  CD = 0 and r2 is forming a cusped c a v i t y .  Thus, 
an e x t r a p o l a t i o n  of t h e  above-mentioned d i s s i p a t i o n  model w i l l  l e ad  t o  
the  cusped c a v i t y .  

I n  the  g e n e r a l  d i s c u s s i o n ,  i t  i s  implied t h a t  t h e  parameter SB, 
t h e  s e p a r a t i o n  p o i n t ,  is  g iven  and i t  i s  kep t  c o n s t a n t  du r ing  the i t e r a ­
t i o n .  However, i f  one wants t o  de te rmine  the p o i n t  of smooth s e p a r a t i o n  
from round bod ies ,  one must apply  an i t e r a t i v e  procedure.  For a number 
of t e n t a t i v e l y  chosen s e p a r a t i o n  p o i n t s ,  one conducts the  complete i t e r ­
a t i o n  procedure as desc r ibed  and de termines  t h e  c o n s t a n t  1-1 of equa­
t i o n  (4.24). I f  two p o i n t s  SB a r e  encountered between which t h e  
e x p r e s s i o n  2- changes s i g n ,  one can e a s i l y  de te rmine  t h e  p o i n t  f o r  
which a l  van i shes  o r  becomes s u f f i c i e n t l y  s m a l l .  This i s  the  p o i n t  of 
smooth s e p a r a t i o n  SB (smooth). By p l o t t i n g  t h e  c u r v a t u r e  of r2 v e r s u s  
( s - s ~ )  l o g a r i t h m i c a l l y ,  one can dec ide  i f  SB can be improved. A t  t h e  
same time, one can check (4.29) f o r  i t s  v a l i d i t y .  
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The Cavity of the Lift ing Body 

The c a v i t y  of a body p laced  a t  an ang le  a toward the  f low w i l l  s h i f t  
t o  a n  asymmetric p o s i t i o n .  The body expe r i ences  a' l i f t  p r o p o r t i o n a l  t o  
the  ang le  of a t t a c k  a. The c i r c u m f e r e n t i a l  v e l o c i t y  w l ( s , a )  on the  body 
s u r f a c e  w i l l  a l s o  e x i s t  on the  wake o r  c a v i t y  s u r f a c e ,  thus c r e a t i n g  
l o c a l l y  over- o r  under -pressures  which i n  t u r n  w i l l  r eshape  the  c a v i t y  
and w i l l  d e s t r o y  t h e  r o t a t i o n a l  symmetry. The l o c a l  p.ressures w i l l  s h i f t  
t h e  wake s u r f a c e  t o  such  a p o s i t i o n  t h a t  the c o n d i t i o n  of p r e s s u r e  con­
t i n u i t y  a c r o s s  t h e  wake s u r f a c e  is  s a t i s f i e d .  We assume, aga in ,  n e g l i ­
g i b l e  v e l o c i t i e s  w i t h i n  t h e  wake. Consequently, a necessa ry  conclus ion  
i s  t h e  van i sh ing  of t h e  l o c a l  normal f o r c e  a long  t h e  wake or  c a v i t y .  

cn(s,a) = 0. (5 .1)  

Our main concern i n  t h i s  r e p o r t  is  no t  s o  much t h e  proper  c o n d i t i o n s  of 
t h e  flow a long  and around t h e  wake s t ream s u r f a c e  and i t s  e x a c t  p o s i t i o n  
i n  space,  b u t  the  i n f l u e n c e  of the  wake on t h e  l i f t  d i s t r i b u t i o n  of the  
forebody. An e x a c t  t r ea tmen t  of the  wake e s p e c i a l l y  of the d i s t a n t  
wake i s  n o t  necessa ry  s i n c e  v e l o c i t y  and thus p r e s s u r e  p e r t u r b a t i o n s  
a t t e n u a t e  r a t h e r  qu ick ly .  We employ t h e r e f o r e  a s i m p l i f i e d  model. I t s  
schemat ic  is  g iven  i n  Figure IC. Since we t r e a t  aga in  only bodies  w i t h  
r o t a t i o n a l  symmetry, we m u s t  assume t h a t  the  flow s e p a r a t e s  along a c i r ­
cumfe ren t i a l  l i n e  which l i e s  e n t i r e l y  i n  one p lane  normal t o  the  body 
a x i s .  This exemption exc ludes  round bodies  w i t h  an i n t e r i o r  s e p a r a t i o n  
1ine  . 

Condi t ion  (5.1) r e q u i r e s  a c e r t a i n  t a n g e n t i a l  v e l o c i t y .  We can 
c a l c u l a t e  i t  and c a l l  i t  V T ~ B ,  With t h i s  v e l o c i t y  we can d e f i n e  a 
p o t e n t i a l  glB(s) which is  known along r2 except  f o r  a c o n s t a n t  C.  

To d e s c r i b e  t h e  g e n e r a l  theory we employ a g a i n  the Helmholtz model 
(or  i n f i n i t e  s t r e a m l i n e  model). We assume f o r  r eason  of s i m p l i c i t y  t h a t  
t h e  wake p r e s s u r e  c o e f f i c i e n t  Cpg i s  independent of the  ang le  of a t t a c k  
a. 	 This i s  a r easonab le  assumption f o r  sma l l  ang le s  of a t t a c k .  We 
t h e r e f o r e  use t h e  same Cpg of the axisymmetric flow c a s e ,  For the  
c a v i t y  sub jec t ed  t o  under -pressure  we w i l l  use  the  d i s s i p a t i o n  model 
e x c l u s i v e l y .  S p e c i a l  changes of the  g e n e r a l  t heo ry  w i l l  be d i scussed  
a t  a l a t e r  time. 
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(1) The P o t e n t i a l  and t h e  Ve loc i ty  Components 

We p l a c e  now the  forebody a t  an angle  of a t t a c k  a toward the  
p a r a l l e l  f low f i e l d .  The wake w i l l  s h i f t  t o  a new e q u i l i b r i u m  p o s i t i o n  
where c o n d i t i o n  (5.1) i s  s a t i s f i e d .  The e x a c t  p o t e n t i a l  of t h i s  body 
w i l l  be developed now. Assumptions (1) through (3) of chap te r  4 a r e  
a l s o  v a l i d  f o r  t h i s  ca se .  

The t o t a l  p o t e n t i a l  of the body i s  i n  body-fixed c o o r d i n a t e s ,  
xo, yo, zo,  w i t h  t h e  assumption t h a t  the xo ,zO-plane  c o n t a i n s  t h e  v e l o c i t y  
v e c t o r  U, g iven  as 

,D1(xo, yo, zo) = zo s i n  a + cpl(xo, yo, z o ) .  (5.2) 

The a x i a l  component of t h e  undis turbed  flow i s  U, s i n  a,  the  normal com­
ponent i s  V, = U, s i n  a. Only t h i s  component w i l l  be cons idered  h e r e .  
The f i r s t  term on the  r igh t -hand s i d e  of ( 5 . 2 )  r e p r e s e n t s  the  p o t e n t i a l  
of t h i s  f i e l d .  The f u n c t i o n  'pl(xo, yo ,  z o )  i s  the  p e r t u r b a t i o n  poten­
t i a l  o f  the  body w i t h  b e n t  c a v i t y ,  

( 5 . 3 )  

where d S  d e s i g n a t e s  a s u r f a c e  element.  

The p o t e n t i a l  (5.2) i s  f o r  our purpose s t i l l  t oo  g e n e r a l .  We 
t h e r e f o r e  want t o  make it more a c c e s s i b l e  t o  c a l c u l a t i o n  by us ing  c e r t a i n  
c h a r a c t e r i s t i c s  of t h e  c a v i t y  a t  small  ang le s  of a t t a c k .  Since we d e a l  
u s u a l l y  w i t h  t h e  p r e s s u r e  d i s t r i b u t i o n  of the forebody an e x a c t  d e s c r i p ­
t i o n  of the  wake is  n o t  necessa ry .  The on ly  " l i f t -p roduc ing ' '  component 
along t h e  wake i s  U, s i n  ( a ( s ) ) .  This component w i l l  s h i f t  the  c a v i t y  
c e n t e r l i n e ,  which can now be desc r ibed  by t h e  f u n c t i o n  z l ( s )  of Fig-, 
ure  IC. Our goa l  i s  t o  f i n d  the p o s i t i o n  of the  c e n t e r l i n e  of t h e  c a v i t y  
or  wake which w i l l  be a t t a i n e d  due t o  c o n d i t i o n  (5.1). 

To fo rmula t e  t h e  problem, we make the  fo l lowing  s i m p l i f y i n g  
assumptions: 

( a )  	 The c a v i t y  c r o s s  s e c t i o n  remains r o t a t i o n a l l y  symmetric. 
I t s  d iameter  i s  f i x e d  and ob ta ined  from t h e  axisymmetric 
flow case.  
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(b) 	 The p lanes  normal t o  the  body a x i s  are s h i f t e d  p a r a l l e l  
t o  i t s e l f .  The new t r a c e  of the  b e n t  a x i s  i n  t h i s  p l ane  
i s  s i t u a t e d  a long  a l i n e  z l ( s ) .  

(c) 	 The l o c a l  normal f o r c e  van i shes  a long  the  wake o r  c a v i t y .  
This r e q u i r e s  a s p e c i a l  f u n c t i o n  zl(s). The v e l o c i t y  

~ ~V T i s  known as the  c a v i t y  s t r e a m l i n e ;  s o  i n  the  t q t a l  
p o t e n t i a l  ~22(1~(s )excep t  f o r  a c o n s t a n t .  

(d) 	 We n e g l e c t  l o c a l l y  t h e  c o n d i t i o n  of p r e s s u r e  c o n t i n u i t y  
a c r o s s  the  s t r eam s u r f a c e .  The c o n d i t i o n  is s a t i s f i e d  
on ly  i n  the  mean accord ing  t o  assumption ( c ) .  

(e)  	 Only terms l i n e a r  i n  a a r e  cons ide red ,  h ighe r  terms a r e  
neg lec t ed .  The contour of the  c a v i t y  o r  the  wake is  
assumed t o  be small  and n e g l i g i b l e ,  6 ( s )  << 1.0.  

( f )  	 Only those body forms s h a l l  be cons idered  h e r e  which 
have the  l i n e  of  flow s e p a r a t i o n  i n  one p l ane  normal t o  
t o  t h e  body a x i s .  This exc ludes  bodies  which permi t  
an i n t e r i o r  s e p a r a t i o n .  

(g) Since the e x a c t  angle  of a t t a c k  d i s t r i b u t i o n  a(s )  a long  
the  f r e e  s t r e a m l i n e  i s  not  known a p r i o r i  an approxi ­
mate d i s t r i b u t i o n  & ( s )  must be assumed. The r e s u l t i n g  
c a v i t y  boundary i s  des igna ted  as rz. 
a r e  performed approximately w i t h  a*(s). 

A l l  c a l c u l a t i o n s  

(h) Normal v e l o c i t i e s  ( V N ~ ( S , ~ )f 0) w i l l  r e s u l t  on Fs i f  
a J ’ ( s )  and a ( s )  a r e  no t  i d e n t i c a l .  The magnitude of the  
normal v e l o c i t y  i n d i c a t e s  how and how much the  ang le  of 
a t t a c k  d i s t r i b u t i o n  must be changed. 

The nex t  s t e p  is  the  development of the p o t e n t i a l  i n  c y l i n d r i c a l  coord in­
a t e s .  We r e f e r  t o  Figure ICwhere the  c o o r d i n a t e s  of a f i x e d  p o i n t  Po 
on the  s u r f a c e  of the  body accord ing  t o  t h e  assumptions a r e  g iven  i n  
body-fixed coord ina te s  as: 

xo = x;  yo x r s i n  w; z o  x zl(s) + r cos w; s o  = s. (5 .4)  

A simple i n t e g r a t i o n  from the s e p a r a t i o n  p o i n t  SB t o  a f i e l d  
p o i n t  s y i e l d s  the f u n c t i o n  by which the wake is  s h i f t e d  

SB 

56 




Since  the a r c  l e n g t h  i s  approximate ly  t h e  same as  i n  the  axisymmetric 
case we keep s as the independent v a r i a b l e .  For the  summing p o i n t  Qo 
on t h e  s u r f a c e  of the  wake one o b t a i n s . s i m i l a r  t o  (5 .4 )  

The p o t e n t i a l  of t h e  undis turbed  flow f i e l d ,  r ep resen ted  by 
the  f i r s t  term on the  r i g h t  s i d e  of equa t ion  (5.2), can now be w r i t t e n  
as r(s) cos w s i n  a. The denominator of the  i n t e g r a l  expres s ion  (5.3) 
con ta ins  the d i s t a n c e  between p o i n t  Po and Qo: 

I f  we in t roduce  ( 5 . 4 )  and (5.6) i n t o  t h e  square r o o t  expres s ion  f o r  E, 
we o b t a i n  f i n a l l y  f o r  

The r e l a t i o n  between the  ang le  6 ( s )  which we c a l l  camber and the  ang le  
of a t t a c k  a ( s )  can be seen i n  F igure  IC: 

a = a ( s )  + S ( s ) .  (5.9) 

Consequently, the  f u n c t i o n  z l ( s )  i n  (5 .5)  becomes 

(5.10) 

S 
B 

For s m a l l  v a l u e s  of t h e  ang le  of a t t a c k  a, one can develop t h e  r e c i p r o ­
c a l  d i s t a n c e  i n t o  a s e r i e s  which we w i l l  t r u n c a t e  a f t e r  t h e  second 
term: 

57 



(5.11) 

For t h e  sou rce  d i s t r i b u t i o n  of t he  body and t h e  c a v i t y  f o r  a s m a l l  ang le  
o f  a t t a c k ,  we choose t h e  symbol p(s ,a )  = q l ( s ) a ( s ) / a .  A f t e r  we i n s e r t  
p ( s , a )  and equa t ion  (5.11) i n t o  t h e  p e r t u r b a t i o n  p o t e n t i a l  ( 5 . 3 ) ,  we 
o b t a i n  t h e  approximate p o t e n t i a l  of t he  body w i t h  a cambered c a v i t y  i n  
normal f l o y .  

The comparison of t h i s  expres s ion  w i t h  equa t ion  (1.1) r e v e a l s  
t h a t  t h e  f i r s t  t e r m  under t h e  u n t e g r a l  i s  equa l  t o  t h e  p e r t u r b a t i o n  poten­
t i a l  of t h e  body w i t h  a s t r a i g h t  c a v i t y .  The nex t  h ighe r  terms a r e  a t  
l e a s t  p r o p o r t i o n a l  t o  $. I f  w e  apply  p a r t i a l  d i f f e r e n t i a t i o n  and o b t a i n  
t h e  v e l o c i t y  t e r m s  depending on 3, we can prove t h a t  t h e s e  terms do 
n o t  c o n t r i b u t e  t o  t h e  t o t a l  l i f t ,  s i n c e  t h e  exponent of cos w i s  even, 
and t h e  i n t e g r a l  of t h e  expres s ion  f o r  t h e  normal f o r c e  van i shes .  We 
cons ide r ,  t h e r e f o r e ,  from now on, on ly  t h e  p e r t u r b a t i o n  p o t e n t i a l  

which i s  t h e  p o t e n t i a l  of t h e  axisymmetric forebody-cavi ty  combination 
w i t h  a v a r i a b l e  ang le  of a t t a c k  d i s t r i b u t i o n  a long  the  wake l i n e  rz. 
The t o t a l  p o t e n t i a l  i s  now g iven  as 

=g1(s,a,~)r (s)  cos w s i n  a + q l ( s , a , w ) .  (5.12) 

On t h e  s u r f a c e  of t he  f i x e d  forebody,  t h e  ang le  of a t t a c k  i s  
c o n s t a n t  and we s e t  s i n  a = 1. Along rz t h e  ang le  of a t t a c k  a ( s )  i s  
determined by (5.9) .  The ang le  a i s  s t i l l  a c o n s t a n t ;  however, i t  con­
s i s t s  now of two v a r i a b l e  c o n t r i b u t i o n s .  
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P a r t i a l  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t h e  a r c  l e n g t h  s 
y i e l d s  the  t a n g e n t i a l  v e l o c i t y  f o r  mer id ian  plane w = 0: 

VT1(s,a) = ( s i n  a + v l ( s , a ) )  r1( s )  + u l ( s , a )  X I  ( s ) .  (5.13) 

The normal v e l o c i t y  f o r  t h e  same p lane  i s  g iven  by 

(5.14) 

and obta ined  by p a r t i a l  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  v .  
These v e l o c i t y  components a s  w r i t t e n  above a r e  v a l i d  and 

e x a c t  only along r,, the  contour  of t he  forebody. For ob ta in ing  the  
v e l o c i t y  components on the  cambered c a v i t y  we have t o  i n s e r t  (5.9) 
i n t o  (5.13) and (5.14),  l i n e a r i z e  according t o  assumption (4)  and 
the  r e s u l t i n g  approximation v e l o c i t i e s  a r e :  

and 

The terms a ( s ) r ' ( s )  and a ( s ) x ' ( s )  a r e  i n  t h i s  form the  tangen­
t i a l  and normal v e l o c i t y  components of the  normal v e l o c i t y  u, s i n  ( a ( s ) )  
of the  undis turbed  f low f i e l d  r e s p e c t i v e l y .  The p e r t u r b a t i o n  v e l o c i t i e s  
u l ( s , a )  and v,(s, .a)  a r e  those  of t he  s t r a i g h t  c a v i t y  w i t h  v a r i a b l e  angle  
of a t t a c k  d i s t r i b u t i o n .  

The l i n e a r i z e d  problem c o n s i s t s  now i n  f i n d i n g  the  angle  of 
a t t a c k  d i s t r i b u t i o n  a ( s )  a long  the  s t r a i g h t  and r o t a t i o n a l  symmetric 
wake o r  c a v i t y  which produces a vanish ing  normal f o r c e  Cn(s ,a)  = 0 
a long  the  l i n e  r$. 

(2) The System of I n t e g r a l  Equat ions 

An i n t e g r a l  equa t ion  w i t h  which we a r e  a b l e  t o  determine the  
source  s t r e n g t h  on rl i s  g iven  by equa t ion  (5.14) w i t h  VN,(s,a) = 0. 
We in t roduce  the  p e r t u r b a t i o n  v e l o c i t i e s ,  l i n e a r i z e ,  and o b t a i n  
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(5.17) 

The Kernel  i s  r ep resen ted  by equa t ion  ( 1 . 2 8 ) ,  where n = 1. 

For the  c a v i t y  boundary $, w e  use t h e  t o t a l  p o t e n t i a l  j3a (s ,a) 
expr'essed i n  terms of t h e  p e r t u r b a t i o n  p o t e n t i a l  w i t h  unknown source  
s t r e n g t h .  With assumption (c )  the p o t e n t i a l  & B ( s , ~ )  i s  known. With 
equa t ion  (5.12)  f o r  t h e  mer id ian  p lane  w = 0 and a r ep laced  by a " ( s ) ,  t h e  
assumed ang le  of a t t a c k  d i s t r i b u t i o n ,  t h e  i n t e g r a l  equa t ion  f o r  t he  
r e g i o n  r$ can be w r i t t e n  then  as 

(5.18) 

where t h e  Kernel f u n c t i o n  i s  i n  accordance w i t h  equa t ion  (1.9) and n = 1 
g iven  a s  

I n  b o t h  i n t e g r a l  equa t ions ,  (5 .17)  and (5 .18) ,  a l l  f u n c t i o n s  except  the  
sou rce  s t r e n g t h  p ( s , a )  a r e  known o r  assumed t o  be known. The Kernel 
f u n c t i o n s  depend only  on the  geometry of t he  forebody and the  c a v i t y .  
We employ accord ing  t o  assumption (a)  t he  geometry of t h e  a x i a l  sym­
m e t r i c  f low case .  Thus, Kq(s ,o)  and % ( s , o )  do n o t  change any more, 
and w e  need t o  determine them only  once a t  the  beginning  of  t he  i t e r a ­
t i o n .  The ang le  of a t t a c k  along rl i s  c o n s t a n t  and a = 1. Along l?zy 
however, a ( s )  must  be assumed f i r s t .  

On the  l e f t  s i d e  of equa t ion  (5.18)  t h e  p o t e n t i a l  gl~(s,a)has 
t o  be eva lua ted .  The next  s t e p  toward a s o l u t i o n  i s  t h e r e f o r e  t o  r e l a t e  
t h e  p o t e n t i a l  t o  t h e  normal f o r c e  c o e f f i c i e n t .  We s t a r t  o u t  from t h e  
d e f i n i t i o n  of t he  l o c a l  normal f o r c e  c o e f f i c i e n t :  
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(5.19) 

The p r e s s u r e  c o e f f i c i e n t  a g a i n  can  b e  expressed by t h e  t a n g e n t i a l  ve loc ­
i t y .  I n  c o n j u n c t i o n  w i t h  t h e  v e l o c i t i e s  of t h e  a x i a l  f low c a s e ,  we 
o b t a i n  t h e  t o t a l  t a n g e n t i a l  v e l o c i t y  as 

v2 ( s , a , w )  = (v,(s) cos a +  vT1(s,a) s i n  a cos w l 2TG 

+ v2T 2  (s ,a) s i n 2 a  sin2w, (5.20) 

where the  v e l o c i t y  component i n  c i r c u m f e r e n t i a l  d i r e c t i o n  i s  g iven  a s  

VT 2  (s ,a)  = ( - s i n  a ( s )  + w l ( s , a ) ) .  

Since i n  t h e  equa t ions  the  v e l o c i t i e s  VT1(s,a) and V T ~ ( S , ~ )a r e  con­
nected w i t h  t h e  ang le  of a t t a c k ,  t h e s e  f u n c t i o n s  a r e  t h e r e f o r e  based 
on s i n  a = 1. The p e r t u r b a t i o n  v e l o c i t y  w l ( s , a )  i s  g iven  t h a t  v a l u e  
which i t  w i l l  a t t a i n  i n  t h e  mer id i an  plane s / 2 .  For a p o s i t i v e  ang le  of 
a t t a c k ,  t h i s  v a l u e  w i l l ,  i n  g e n e r a l ,  be nega t ive .  With the  r e t e n t i o n  
of a l l  terms,  t h e  p r e s s u r e  c o e f f i c i e n t  becomes 

r 1 

c 
P 

( s , a , w )  = c 
P 

(s,a=o> - 41-c 
P 
(s,a=o>1v ( s , a >  s i n  2 a  cos w1 

+ (1-cp(s ,a=o)  - v$,(s,cu) cos2w - vT 2  
(s,a)sin2w) s i n 2 a .  

(5.21) 

I n s e r t i o n  of t h i s  expres s ion  i n t o  (5.19) produces no c o n t r i b u t i o n  of t h e  
f i r s t  term, and t h i r d  ($) term, only the  term l i n e a r  i n  a c o n t r i b u t e s  
t o  t h e  normal f o r c e ;  hence 

(5.22)  
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The i n t e g r a t i o n  of VT1(s,a) a long  s y i e l d s  

The normal f o r c e  s h a l l  v a n i s h  along the  e x a c t  f r e e  s t r e a m l i n e  r2, hence 
t h e  p o t e n t i a l  becomes 

The c a v i t y  boundary i s  thus an e q u i p o t e n t i a l  l i n e ,  which means t h a t  the 
t a n g e n t i a l  v e l o c i t y  van i shes  on r2. We s e t  VT1(s,a) = 0, a l s o  VN1(s,a) = 0, 
s i n c e  r2 is  a s t r e a m l i n e  and we a r r i v e  a t  a c o n d i t i o n  t h a t  

u l ( s , a )  = a ( s )  + v1(s ,a )  = 0. ( 5 . 2 5 )  

The c o n s t a n t  @ l ( s g , a )  i n  equat ions  ( 5 . 2 3 )  and ( 5 . 2 4 )  i s  the v a l u e  of the 
t o t a l  p o t e n t i a l  a t  t h e  s e p a r a t i o n  p o i n t  s B .  

The l e f t  s i d e  of t h e  i n t e g r a l  e q u a t i o n  (5.18) con ta ins  the  
expres s ion  ( @ a ( s , a )  - r ( s )  $ ( s ) )  which could be cons t rued  as the  pe r ­
t u r b a t i o n  p o t e n t i a l  of the  c a v i t y  i n  normal f low,  i f  C L ’ ~ ( S )  would be 
i d e n t i c a l  w i t h  a ( s ) .  However, we a r e  us ing  f o r  the numerical  c a l c u l a ­
t i o n  t h e  assumed ang le  of a t t a c k  d i s t r i b u t i o n  and t h e r e f o r e  @a(s ,a )­
r ( s )  a i ‘ ( s )  i s  only approximately equal  t o  cplg(s,a). For a convergent 
procedure r2 4 r2 and 2 ( s )  + a(s)  and, consequent ly ,  we d e f i n e  

The ba r red  term r e p r e s e n t s  a l l  known f u n c t i o n s  

(5.27) 
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and the  c o n s t a n t  becomes 

S i m i l a r  t o  t h e  a x i a l  f low case ,  we can r e p r e s e n t  the  p e r t u r b a t i o n  poten­
t i a l  of (5.26) w i t h  the  p e r t u r b a t i o n  p o t e n t i a l  cpT(s,a) of the assumed 
ang le  of a t t a c k  d i s t r i b u t i o n  p lus  some c o r r e c t i v e  terms. A f t e r  combin­
ing 

@&,,a) - & ( S B , a )  = CY 

we add and s u b t r a c t  i n  equa t ion  (5.26) the  terms 

S 


@i(sBya) and ~ V ~ I ( S . a )d s  

S

B 

t o  o b t a i n  f i n a l l y ,  w i t h  equa t ion  (5.23) ,  

+ c. (5.28) 

The c o n s t a n t  C depends a g a i n  on ly  on the  p o t e n t i a l  d i f f e r e n c e  a t  the  
s e p a r a t i o n  p o i n t  sB. The p e r t u r b a t i o n  poten t ia l .  q;(s ,a) and the normal 
f o r c e  c o e f f i c i e n t  c z ( s , a )  of the  approximate f r e e  s t r e a m l i n e  r$ a r e  
obta ined  w i t h  t h e  s o l u t i o n  p ( s , a )  of t h e  i n t e g r a l  equa t ion  (3.1) w i t h  
n = 1 and ql(s,a) = - x ( s ) ~ ( s ) .  Since (3.1) w a s  ob ta ined  w i t h  the  
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c o n d i t i o n  VN1(s,a) = 0 a long  t h e  e n t i r e  boundary rl, rz and r3, r$ i s  
consequent ly  f o r  t h i s  case a s t r eaml ine .  W e  combine a g a i n  a l l  known 
f u n c t i o n s  and o b t a i n  

(5.29) 

I f  the assumed a n g l e  of a t t a c k  d i s t r i b u t i o n  oi"(s) is approaching t h e  
e x a c t  one a ( s ) ,  t he  i n t e g r a l .  i n  e q u a t i o n  (5.29) and the  c o n s t a n t  c i n  
equa t ion  (5.28) w i l l  d i s a p p e a r .  For t h e  e v a l u a t i o n  of t h e  i n t e g r a l  i n  
(5.28) the  i n t e g r a t e d  Lagrange i n t e r p o l a t i o n  polynomial w i t h  n = 4 
p o i n t s ,  two on each s i d e  of t he  i n t e r v a l s ,  was used. 

The r e p r e s e n t a t i o n  of t h e  p o t e n t i a l  ~ p ~ ~ ( s , a )w i t h  t h e  assumed 
p e r t u r b a t i o n  p o t e n t i a l  (p;(s,a) and a d d i t i o n a l  c o r r e c t i o n  terms had 
advantages f o r  t h e  numerical  s o l u t i o n  of t h e  i n t e g r a l  equa t ions .  The 
d i s c u s s i o n  of t h e s e  advantages fo l lows  t h e  same l i n e  as t h a t  of chap­
t e r  4 of t h e  z e r o  ang le  of a t t a c k  case .  A r e p e t i t i o n  i s  t h e r e f o r e  no t  
intended h e r e .  

Next, we con t inue  w i t h  t h e  d i s c u s s i o n  of t h e  procedure t o  
o b t a i n  a s o l u t i o n  of the i n t e g r a l  equa t ions  f o r  t h e  l i f t i n g  body. 

Equat ion (5.28) i s  i n s e r t e d  i n t o  t h e  l e f t - h a n d  s i d e  of the  
i n t e g r a l  e q u a t i o n  (5.18). For determining t h e  c o n s t a n t  C, one o t h e r  
equa t ion  must be f u r n i s h e d ;  t empora r i ly  w e  might s e t  C = 1 f o r  t h e  
numerical  c a l c u l a t i o n .  

The system of i n t e g r a l  equa t ions  (5.17) and (5.18) i s  converted 
t o  a s e t  of N l i n e a r  a l g F b r a i c  equa t ions  which a r e  s a t i s f i e d  i n  N p o i n t s  
on t h e  contours  rl and I+& We in t roduce  summation s i g n s  i n s t e a d  of t he  
i n t e g r a l  s i g n s  and o b t a i n  now f o r  t he  i n t e g r a l  e q u a t i o n  (5.17) of t h e  
r e g i o n  rl w i t h  p o i n t s  1 5 v S i 

8r S 

I n  1 1  - -1 E - 2sE) - r K s }]
S v v EV 

( equa t ion  (5.30) continued on nex t  page) 
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(5.30) 

Along rl, t he  angle  of a t t a c k  d i s t r i b u t i o n  i s  cons t an t ,  and av = 1 .  The 
primed summation s i g n  i n d i c a t e s  t h a t  t he  summation a t  t h e  p o i n t  p = v 
i s  l e f t  ou t .  

For the  r eg ion  rz w i t h  p o i n t s  j S v 6 N ,  t h e  fo l lowing  equa­
t i o n  determines the  source  d i s t r i b u t i o n  wv. The cons t an t  C ,  as men­
t ioned  above, i s  s e t  equal  t o  u n i t y .  

(5.31) 

The two equat ions  (5.30) and (5.31) a r e  solved f o r  the  source  
s t r e n g t h  according t o  a s p e c i a l  procedure.  I n  ma t r ix  n o t a t i o n ,  we 
o b t a i n  

(5.32) 
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The elements a r e  formed b y ' t h e  r i g h t  s i d e s  of equa t iyns  (5.30) and 
(5.31). I n  p a r t i c u l a r ,  we o b t a i n :  

8r S 

- s I n  1 1  - -1 
S E 

- 2s
E) - r ~ K ~ s E

V 

f o r  t h e  r e g i o n  1 S v s i; 

f o r  t h e  r e g i o n  1 5 v 5 i and v # p; 

N I  
1 8r V + s I n  11- 21­=a ~ v  [I(In &- 2) AP - ('E I n  Isv-SEl v 

S 

p=1 
S 

V sE)] 

f o r  t he  r e g i o n  j S v 5 N ;  and 

f o r  t he  r e g i o n  j 6 v N and v # 1-1. 

We s o l v e  the  system (5.32) twice i n  o r d e r  t o  o b t a i n  the  
p a r t i c u l a r  c o n t r i b u t i o n s .  For the  f i r s t  s o l u t i o n ,  we employ t h e  r i g h t  
s i d e s  

f o r  t he  r e g i o n  1 5 v S i w i t h  av = 1, and 
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b v  = C p l V  

-f o r  t he  r e g i o n  j S v S N ,  where (plv i s  g iven  by e q u a t i o n  (5 .29) .  The 
p a r t i c u l a r  s o l u t i o n  o f  t h e  system y i e l d s  the  source s t r e n g t h  G. For 
ob ta in ing  t h e  sec,ond p a r t  of t he  s o l u t i o n ,  t he  r i g h t  s i d e s  of t h e  system 
a r e  a l t e r e d .  The elements avv a r e  t h e  same as f o r  t h e  f i r s t  p a r t .  
Analogous t o  t h e  z e r o  ang le  of a t t a c k  case ,  t he  r i g h t  s i d e s  of t he  sys ­
tem become now 

b, = 0 

f o r  t he  r e g i o n  1 5 v 5 i and 

b v  = 1 

f o r  t he  r e g i o n  j S v 5 N. 

The p a r t i c u l a r  s o l u t i o n  of t h i s  system i s  @pv,which i s  
normalized t o  one. Since t h e  geometry of t h e  f r e e  s t r e a m l i n e  r2 of 
the  axisymmetric flow case  does n o t  change any more, t he  elements of 
t he  m a t r i x  which c o n s i s t  only of geometr ic  f u n c t i o n s  w i l l  remain the  
same throughout t he  i t e r a t i o n .  The same i s  t r u e  f o r  t h e  second r i g h t  
s i d e s  (0;  1). There fo re ,  t he  second system needs t o  be solved on ly  
once. The s o l u t i o n  @pv can be s t o r e d  and used f o r  t he  i t e r a t i o n s .  

A f t e r  the  p a r t i c u l a r  s o l u t i o n s  have been o b t a i n e d ,  we com­
b ine  them t o  form t h e  g e n e r a l  s o l u t i o n  w i t h  an a r b i t r a r y  c o n s t a n t  C .  

(5.33) 

However, b e f o r e  we d i s c u s s  t h e  d e t e r m i n a t i o n  of t he  c o n s t a n t  C y  be  want 
t o  w r i t e  t he  summation expres s ions  f o r  t he  t a n g e n t i a l  v e l o c i t y .  We use 
equa t ion  ( 2 . 1 0 ) ,  r e p l a c e  the  i n t e g r a l  s i g n  by a summation s i g n ,  and 
paying a t t e n t i o n  t o  equa t ion  (4.13) f o r  t h e  t a n g e n t i a l  v e l o c i t y ,  o b t a i n  

( equa t ion  (5.34) continued on nex t  page) 
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s r1-{G - ~ ) 1 n  11- - Is 
E +- (3

S v 2r V 

( 5 . 3 4 )  

The g e n e r a l  s o l u t i o n  ( 5 . 3 3 )  is  now i n s e r t e d  i n t o  expres s ion  ( 5 . 3 4 ) .  We 
s e t  (vT1) = (VTIB) = 0, choose t h e  s p e c i a l  p o i n t  f o r  which t h i s  equa t ion  
i s  t o  be s a t i s f i e d  a t  v = j ,  which i s  immediately downstream of sB and 
s o l v e  f o r  C: 

p=1 
J j  

c =  7 ( 5 . 3 5 )  

p=1 

w i t h  the  s p e c i a l  f u n c t i o n s  

p i A j  - pjF2 -z KjPAP - a.r '  

and 
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Once . the  cons t an t  C i s  known, we i n s e r t  the  gene ra l  s o l u t i o n  i n t o  the  
expres s ion  f o r  t h e  normal v e l o c i t y  (2 .9) ,  which i s  now 

1 8 r  

S
V 

E) - rVKVsE}] 

(5.36) 

The boundary cond i t ion  V N ( S , ~ )= 0 i s  n o t  s a t i s f i e d  on r2 
u n t i l  t he  i t e r a t i o n  cyc le  converges w i t h i n  a p resc r ibed  to l e rance .  
Then p ( s , a )  i s  a l s o  a s o l u t i o n  of (3 .1) ,  and Cn(s ,a )  vanishes  on the  
c a v i t y  boundary. I n  analogy t o  the  axisymmetric f low case ,  one can 
c o n s t r u c t ,  w i t h  the  a i d  of the  v e l o c i t y  diagram of F igure  l b ,  an 
approximate expres s ion  f o r  t he  normal v e l o c i t y  on r$: 

where e"Cy'(s,a) i s  the  new improved s lope  of the  contour  rF-. This 
s lope  can be approximated by the  l o c a l  angle  of a t t a c k  

We i n s e r t  t h i s  expres s ion  i n t o  (5.37) and o b t a i n  a new ang le  of a t t a c k  
d i s t r i b u t i o n  along t h e  c a v i t y  o r  wake: 

(5.39) 
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This  d i s t r i b u t i o n  forms the  b a s i s  f o r  t h e  nex t  i t e r a t i o n  s t e p .  The new 
ang le  of a t t a c k  d i s t r i b u t i o n  d - " ( s )  i s  i n s e r t e d  i n t o  equa t ion  (3.1) which 
i s  then  solved f o r  $ " ' ( s , a ) .  With t h i s  source  s t r e n g t h ,  we determine a 
new normal f o r c e  c o e f f i c i e n t  C i A ( s , a )  on $*. The p e r t u r b a t i o n  p o t e n t i a l  
(5.29) can now be  improved. For t h i s  improvement we need t o  s o l v e  the  
system (5.32) f o r  p ( s , a ) .  This procedure i s  r epea ted  u n t i l  cond i t ion  
(5.1) is  s u f f i c i e n t l y  s a t i s f i e d  and t h e  c o n s t a n t  C i s  smal l  enough. 

A t  t he  beginning of t he  d i s c u s s i o n ,  we mentioned t h a t  t he  
r e p r e s e n t a t i o n  of t he  p o t e n t i a l  i n  terms of t he  p e r t u r b a t i o n  p o t e n t i a l  
of t he  assumed l i n e  rz p lus  c o r r e c t i v e  terms r ece ived  p re fe rence  over  
any o t h e r  approach. According t o  the  c a l c u l a t e d  cases ,  we found ou t  
t h a t  the  m a t r i x  i s  n o t  as we l l  condi t ioned  as t h a t  of the  zero  angle  of 
a t t a c k  case .  The jump of t he  f u n c t i o n  (0,  1 )  of t he  r i g h t  s i d e  aga in  
caused f l u c t u a t i o n s  of the  s o l u t i o n  (ml),, i n  - t h e  neighborhood of t he  
s e p a r a t i o n  p o i n t  sB. These f l u c t u a t i o n s  en te red  the  g e n e r a l  s o l u t i o n  
w i t h  f i n i t e  cons t an t  i n  a l l  i t s  s e v e r i t y .  However, i f  t he  approach 
w i t h  vanish ing  cons t an t  C was used, t h e s e  f l u c t u a t i o n s  vanished w i t h  C. 

For those  cases  f o r  which the  c a v i t y  i s  sub jec t ed  t o  an under-
p r e s s u r e ,  we employ e x c l u s i v e l y  the  d i s s i p a t i o n  model f o r  t he  angle  of 
a t t a c k  case .  I n  the  axisymmetric f low case ,  we t r e a t  the  boundary r3 
as a r i g i d  s t ream tube w i t h  V N ( S , ~ )  = 0. For the  ang le  of a t t a c k  case ,  
however, r3 w i l l  s h i f t  and a t t a i n  a p o s i t i o n  i n  space  t o  s a t i s f y  condi­
t i o n  (5.1).  Thus, i t  does no t  d i f f e r  from r2. Both r2 and r3 a r e  
t h e r e f o r e  sub jec t ed  t o  a vary ing  ang le  of a t t a c k  d i s t r i b u t i o n  a ( s ) .  

J;

(3) The Direct S o l u t i o n  OE t h e  ProSlens  by Spec i fy ing  V T ~ Bon r
2 

For'  t h e  case under c o n s i d e r a t i o n ,  t he  second approach i s  
d e f i n i t e l y  p o s s i b l e  by p resc r ib ing  the  t a n g e n t i a l  v e l o c i t y  VTIB on the  
c a v i t y  boundary a s  i nd ica t ed  i n  the  prev ious  chap te r .  For the r eg ion
$ enclos ing  the  boundary po in t s  j 5 v 5 N ,  we r e p l a c e  (5.31) by (5.34):  
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The unknown f u n c t i o n  of t h e  i n t e g r o  d i f f e r e n t i a l  equa t ion  is  
t h e  source  i n t e n s i t y  pv whose d e r i v a t i v e  i s  a l s o  sought .  The geometry 
of  the  body-cavi ty  c o n f i g u r a t i o n  of  t h e  axisymmetric f low case  i s  a g a i n  
employed he re .  The d e r i v a t i v e  of t h e  source  s t r e n g t h  i s  obta ined  w i t h  
a d i f f e r e n t i a t e d  Lagrange i n t e r p o l a t i o n  formula [18]: 

The elements of t h e  m a t r i x  f o r  t h e  r e g i o n  r2 w i t h  t h e  boundary p o i n t s  
j 5 v S N a r e  now g iven  by 

e)s r '  S r ' s  
- 2 r{(I - I n  1 1 - - 1S E + -

V V 

and f o r  v # p and 1 # v ? 1, t h e  elements a r e  

The elements  neighboring the  p r i n c i p a l  d i agona l  c o n t a i n ,  
however, one a d d i t i o n a l  term. It i s  the  d i f f e r e n t i a t e d  c o e f f i c i e n t  
of t he  Lagrange i n t e r p o l a t i o n  formula 

a9c = L '  + a
V(V+l) V + l  V(V+l)' 


This method w a s  used f o r  d i f f e r e n t  numerical  examples. The s o l u t i o n  
p ( s , a )  showed ext remely  s e v e r e  f l u c t u a t i o n s ;  t hus ,  t h e  normal v e l o c i t y  
on could n o t  be used t o  improve the  angle  of a t t a c k  d i s t r i b u t i o n .  
The procedure d ive rged ,  and i t  w a s  t h e r e f o r e  dropped. Even an i n c r e a s e  
i n  s i g n i f i c a n t  f i g u r e s  d i d  n o t  improve the  s i t u a t i o n .  
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The Forces on t h e  Body 

To de termine  t h e  t o t a l  d rag  c o e f f i c i e n t  of t h e  body, t h e  component 
of  t h e  p r e s s u r e  c o e f f i c i e n t  i n  x - d i r e c t i o n  i s  i n t e g r a t e d  along the  
mer id ian  ang le  w and a long  the  body contour  rl.up t o  the  s e p a r a t i o n  
p o i n t  sB. I n  a d d i t i o n ,  one has t o  add  t h e  base  p r e s s u r e  c o e f f i c i e n t  
which i s  cons idered  t o  be cons t an t  over  t h e  e n t i r e  base  a r e a .  If  we 
choose the  base  as the  r e f e r e n c e  area, t h e  expres s ion  f o r  t he  t o t a l  
d rag  c o e f f i c i e n t  becomes 

0 0  

where am = R2n i s  the  d imens ionless  r e f e r e n c e  a r e a .  

The d rag  of a body can a l s o  be determined w i t h  the  c a v i t y  r a d i u s  
R" of the  d i s s i p a t i o n  model. The r a d i u s  R" i s  i d e n t i c a l  w i t h  the  r a d i u s  
of t h e  s t ream tube rs. We cons ider  t he  body-wake c o n f i g u r a t i o n  a s  a 
h a l f  body of r a d i u s  R". We ask  f o r  t he  p r e s s u r e  d rag  of t h i s  half-body 
i n  p o t e n t i a l  f low. The drag  i s  undetermined a s  long a s  the  base p re s su re  
i s  n o t  s p e c i f i e d .  We assume f o r  t h i s  purpose t h a t  t h e  ha l f -body contour  
i s  i n t e r r u p t e d  by a s l o t  i n  which t h e  base  p re s su re  a c t s .  Since the  
x-component of t h e  i n t e g r a t e d  p res su re  along t h e  contour  d i sappea r s ,  
on ly  the  s u c t i o n  f o r c e  of the  wake remains.  We t h e r e f o r e  o b t a i n  

2 2Cp = R" (VTB -

Addi t iona l  f o r c e s  and moments a r e  the  t o t a l  normal f o r c e ,  t he  
induced d rag ,  and the  moment c o e f f i c i e n t .  

The f o r c e  normal t o  t h e  body a x i s ,  t h e  normal f o r c e  c o e f f i c i e n t ,  
i s  ob ta ined  by i n t e g r a t i n g  the  r-component of t h e  p re s su re  c o e f f i c i e n t  
a long t h e  mer id ian  and a r c  l e n g t h  d i r e c t i o n :  

S B 2rr 
-1 C a = - J r ( s ) x ' ( s ) s C  ( s ,o ,a)  cos w d o  d s .  
a N M  P ( 6 . 3 )  

0 0 
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The major c o n t r i b u t i o n  t o  t h e  moment c o e f f i c i e n t  i s  obta ined  by 
m u l t i p l y i n g  t h e  above equa t ion  ( 6 . 3 )  by the  moment arm about  a refer­
ence p o i n t  x(s ) :  

One o t h e r  c o n t r i b u t i o n  t o  t h e  moment c o e f f i c i e n t  i s  obta ined  by 
i n t e g r a t i n g  t h e  ang le  of a t t a c k  dependent p r e s s u r e  c o e f f i c i e n t  about  
t h e  body. I n  t h e  ang le  of a t t a c k  case ,  CP i s  a f u n c t i o n  of the  mer id ian  
ang le  w. The p r e s s u r e  c o e f f i c i e n t  t h e r e f o r e  changes the  s i g n  wi th  
i n c r e a s i n g  w, and a f o r c e  couple  e x i s t s .  

where Cn(s) i s  g iven  by equa t ion  ( 5 . 2 2 ) .  

Convert ing equa t ion  (5.22) t o  the  p re s su re  c o e f f i c i e n t  form, one 
term p r o p o r t i o n a l  t o  2 w i l l  appear  which g ives  one c o n t r i b u t i o n  t o  the  
t ang en t i a  1 f o r  ce : 

+ (-1 + W I ) ~ ]) d s .  (6 .6 )  

Consider ing a l l  t h e  c o n t r i b u t i o n s  t o  t h e  p a r t i c u l a r  t o t a l  f o r c e  
c o e f f i c i e n t s ,  one o b t a i n s  f o r  t he  induced drag  of t h e  body a t  angle  
of a t t a c k  

c
D

(a) = cN a(sin a cos a) s i n  a + CT(a) COS a, 
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and f o r  t h e  l i f t  c o e f f i c i e n t  

c
L 

(a) = a
( s i n  a cos a) cos a - C,(a) s i n  a, 

where t h e  l i f t  c o e f f i c i e n t  p e r  u n i t  a n g l e  of a t t a c k  i s  g iven  by equa­
t i o n s  ( 6 . 3 )  and (6.6) :  

F i n a l l y  t h e  moment c o e f f i c i e n t  becomes 

where CM i s  g iven  by equa t ion  ( 6 . 5 ) .  The n e u t r a l  p o i n t  of t he  f o r c e  
Ta 

i s  given by 

The Numerical Calculat ion Procedure 

The excess ive  amount of c a l c u l a t i o n s  r e q u i r e d  f o r  t he  s o l u t i o n  of 
t h e  problem n e c e s s i t a t e s  the  use of f a s t  e l e c t r o n i c  computers. The 
problem w a s  t h e r e f o r e  coded f o r  t h e  CDC 3200 and the  UNIVAC 1108. 
Before t h e  problem is d i scussed  i n  d e t a i l ,  t he  p r e p a r a t i o n  of the  
necessa ry  i n p u t  of body coord ina te s  and e l l i p t i c  i n t e g r a l  t a b l e s  i s  
p re sen ted .  

For the  i n t e g r a t i o n  of t h e  i n t e g r a l  e q u a t i o n s ,  we employ the  
quadra tu re  procedure of Gauss [19]. The a b s c i s s a s  of t h e  quadra tu re  
are  the  zeros  of Legendre’s polynomials.  The body under i n v e s t i g a t i o n  
as sketched i n  F igu re  1 i s  subdivided i n t o  NT c h a r a c t e r i s t i c  s e c t i o n s .  
The JT-points of t h e  quadra tu re  procedures a r e  d i s t r i b u t e d  w i t h i n  each 
s e c t i o n ;  i n  F igu re  1, we s e t  J T  = 8. I n  t h i s  manner NT X JT p o i n t s  a r e  
placed along rl, r2 and r3. By choosing the  r i g h t  d i s t r i b u t i o n  of 
c h a r a c t e r i s t i c  s e c t i o n s ,  i t  i s  p o s s i b l e  t o  p l a c e  a l a r g e r  number of 
p o i n t s  i n  t h e  v i c i n i t y  of t he  s e p a r a t i o n  p o i n t .  For i n s t a n c e ,  i n  
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Figure  1, s e c t i o n s  2 and 3 a r e  sma l l e r  than  t h e  o t h e r s .  The s e p a r a t i o n  
p o i n t  w a s  always an  end p o i n t  and s t a r t i n g  po in t  of a new s e c t i o n .  For 
an ab rup t  s e p a r a t i o n ,  t h i s  s e c t i o n  remained c o n s t a n t ;  however, f o r  
smooth s e p a r a t i o n ,  t h e  p o i n t  SB i s  f o r  a cons t an t  base  p re s su re  coef­
f i c i e n t  ob ta ined  by an  i t e r a t i o n .  

The complete e l l i p t i c  i n t e g r a l s  Gn(k2) and Fn(k2) a r e  c a l c u l a t e d  
w i t h  t he  a i d  of Landen's t r ans fo rma t ion  [MI. This  avenue of c a l c u l a ­
t i o n  proved t o  be t h e  s h o r t e s t  and b e s t .  'On ly  a few i t e r a t i o n s  were 
necessary  t o  o b t a i n  a n  accuracy  up t o  12 d i g i t s .  I n  most cases  the  
number of i t e r a t i o n s  remained below 8. 

The geometry of t h e  forebody and t h e  assumed c a v i t y  a r e  read  i n t o  
t h e  computer i n  terms of t h e  c h a r a c t e r i s t i c  s e c t i o n s  SA and r A ,  where 
SA and r A  a r e  the  a r c  l e n g t h  and t h e  r a d i u s  of t h e  p a r t i c u l a r  charac­
t e r i s t i c  s e c t i o n ,  r e s p e c t i v e l y .  A subrou t ine  s p e c i f i c a l l y  developed 
f o r  t h e  p a r t i c u l a r  body d i s t r i b u t e s  the  p o i n t s  sv of Gauss' quadra tu re  
procedure w i t h i n  t h e  c h a r a c t e r i s t i c  s e c t i o n s  up t o  t h e  s e p a r a t i o n  p o i n t .  
I n  F igure  1, t h e r e  a r e ,  f o r  i n s t a n c e ,  two c h a r a c t e r i s t i c  s e c t i o n s ,  1 
and 2,  w i t h  t h r e e  boundary va lues  SA and i = 16 p o i n t s ;  8 f o r  each 
s e c t i o n .  For t h e s e  p o i n t s  t he  sub rou t ine  de te rmines  t h e .  va lues  xv ,  r v ,  
x:, x:, r:, K~ and t h e  ang le  of a t t a c k  a, = 1. For t h e  c a v i t y  o r  
wake, s t a r t i n g  w i t h  the  p o i n t  j = 1 7  i n  F igure  1 and ending w i t h  N = 48,  
a t a b l e  w i t h  (N-i) v a l u e s  i s  read  i n t o  the  computer; t h e s e  a r e  s%, r '* 

J- ' +<vd:. With t h e s e  i n i t i a l  d a t a ,  t h e  fo l lowing  a r e  c a l c u l a t e d :  r;, x v  , 
rl151c , x71cv, x$", K:. . These d a t a  a r e  e i t h e r  assumed o r  approximated. 

We can now s t a r t  t o  determine t h e  source  d i s t r i b u t i o n  q o ( s )  of 
t he  a x i a l  f low case .  

( a )  We cons ide r  rs a s  a s t r e a m l i n e  on which c o n d i t i o n  (1.21) i s  
s a t i s f i e d .  With equa t ion  (3.1) and n = 0, w e  o b t a i n  t h e  s e t  of N 
l i n e a r  a l g e b r a i c  equa t ions  which i s  solved f o r  (9,); and which s a t i s -

I?:.
f i e s  t he  boundary c o n d i t i o n  (1.21) i n  N p o i n t s  on rl + 
(b) The nex t  s t e p  l e a d s  t o  the  de t e rmina t ion  of t he  v e l o c i t i e s  

( u ~ ) , ,  (.E), w i t h  t h e  h e l p  of equat ions  ( 3 . 3 )  and ( 3 . 4 ) ,  where we s e t  
n = 0. T h e r e a f t e r ,  we c a l c u l a t e  ( c ; ) ~and t h e  p e r t u r b a t i o n  p o t e n t i a l  
(~p:)~. We a d d  t o  t h e  p e r t u r b a t i o n  p o t e n t i a l  t h e  c o r r e c t i v e  terms of 
equa t ion  (4.6) .  

(c)  Then we s o l v e  the  system (4.11) w i t h  the  corresponding r i g h t -
hand s i d e s  twice .  We o b t a i n  t h e  complete s o l u t i o n  (4.12) w i t h  an 
unspec i f i ed  c o n s t a n t  C .  The p a r t i a l  s o l u t i o n  (&o)v i s  normalized t o  
c = 1. 
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(d) The f u n c t i o n  (q0),, i s  i n s e r t e d  i n t o  equa t ion  (4.16) ,  and t h e  
c o n s t a n t  C i s  changed i n  such  a f a s h i o n  t h a t  t h e  t a n g e n t i a l  v e l o c i t y  
V T ~a t  v = j downstream of  t h e  s e p a r a t i o n  p o i n t  SB i s  equal  t o  t h e  
s p e c i f i e d  t a n g e n t i a l  v e l o c i t y  Vm. I n  F igu re  1, j was s e t  equa l  t o  
1 7 .  	 I f  t h e  c o n d i t i o n  f o r  Vm i s  s a t i s f i e d  i n  one p o i n t  on e then  i t  
i s  s a t i s f i e d  approximately on t h e  e n t i r e  l e n g t h  of rz. 

( e )  The g e n e r a l  s o l u t i o n  q,, now w i t h  s p e c i f i e d  c o n s t a n t  C is  
i n s e r t e d  i n t o  equa t ion  (4.15),  and a normal v e l o c i t y  VN,, is  c a l c u l a t e d  
on r:. With t h e  equa t ions  (4.19) and ( 4 . 2 0 ) ,  a new l i n e  rF-w i l l  be  
c a l c u l a t e d .  This  l i n e  i s  then  the  new f r e e  s t r e a m l i n e  f o r  a new i t e r a ­
t i o n  s t e p ,  and we s t a r t  a t  p o i n t  ( a ) .  I f  t h e  a b s o l u t e  v a l u e  of t he  
d i f f e r e n c e  of  l C i ' ( s )  - C p s l  is  equal  t o  o r  l e s s  than .001, we t e rmina tePt h e  i t e r a t i o n  process  and cons ider  t h i s  ca se  a s  so lved .  

For t h e  body under normal f low,  s i m i l a r  cond i t ions  p r e v a i l .  A 
rough approximation of t h e  ang le  of a t t a c k  d i s t r i b u t i o n  w a s  a l r e a d y  
s t o r e d  i n  the  machine. The geometry of t h e  c a v i t y  s t a y s  f ixed  a s  
obta ined  i n  t h e  z e r o  ang le  of a t t a c k  case ;  t h e r e f o r e ,  t he  Kernel of 
t h e  i n t e g r a l  equa t ion  does n o t  change du r ing  the  ang le  of a t t a c k  
i te r a  t ion.  

( a )  We cons ide r  f o r  t h e  f i r s t  s t e p  of t h e  a n g l e - o f - a t t a c k  i t e r a ­
t i o n  the  c a v i t y  o r  wake as a body w i t h  s o l i d  contours .  This  makes r$ 
a s t r e a m l i n e .  The normal v e l o c i t i e s  d imin i sh  on t h e  contour  r$. We 
s o l v e  f o r  t he  sou rce  d i s t r i b u t i o n  p; which s a t i s f i e s ,  f o r  t h e  g iven  
a n g l e - o f - a t t a c k  d i s t r i b u t i o n ,  t h e  c o n d i t i o n  (1.21) i n  N p o i n t s  on the  
body and c a v i t y .  

(b) With t h i s  source  d i s t r i b u t i o n  rJ.;, we can c a l c u l a t e  t h e  ve loc ­
-1. v+ci t i e s  ~ l ; ~ ,  and w;v w i t h  the  a i d  of equa t ions  (3.3) through (3 .5 ) ,l V ,

t h e  l o c a l  normal f o r c e  C E v  w i t h  equa t ion  (5 .22) ,  and the  p e r t u r b a t i o n  
p o t e n t i a l  E w i t h  equa t ion  (5.29) ,  where cp; i s  g iven  by equa t ion  ( 2 . 2 ) .  

( c )  The s o l u t i o n  of (5.32) provides  us w i t h  t h e  complete expres­
s i o n  of t h e  source  s t r e n g t h  w i t h  a p a r t i a l  s o l u t i o n  &v based on C = 1. 
The p a r t i a l  s o l u t i o n  &o needs only  t o  be c a l c u l a t e d  once,  s i n c e  n e i t h e r  
t h e  r i g h t  s i d e  nor t h e  elements  of t he  m a t r i x  change any more throughout  
t he  i t e r a t i o n .  

(d) 	 We determine t h e  cons t an t  C which makes t h e  t a n g e n t i a l  ve loc ­
~i t y  V T d i sappea r  on rz a t  the  p o i n t  v = j ,  equa t ion  (5.35) .  Thus, 

t he  t a n g e n t i a l  v e l o c i t y  w i l l  approximately d i sappea r  over  t he  e n t i r e  
l e n g t h  of r2, since'  t h e  p o t e n t i a l  f u n c t i o n  has  changed accord ing ly .  
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(e) The c o n s t a n t  C i s  determined, and one i n s e r t s  the source d i s ­
t r i b u t i o n  p,, i n t o  equa t ion  (5.36) and c a l c u l a t e s  a normal v e l o c i t y  com­
ponent VN1 a long  the c a v i t y .  F i n a l l y ,  one can compute an improved 
a n g l e - o f - a t t a c k  d i s t r i b u t i o n  a long  F$ which r e p r e s e n t s  the b a s i s  f o r  
a new i t e r a t i o n  s t e p ,  e . g . ,  (5.39).  I f  the  a b s o l u t e  v a l u e  of the  
normal f o r c e  c o e f f i c i e n t  i s  Ic;(s,a)I 5 .001, we t e rmina te  the pro­
cedure and t h e  problem i s  so lved .  

This r e p r e s e n t s  t h e  b a s i c  procedure of t h e  i t e r a t i o n  scheme. I n  
those cases  where o t h e r  models a r e  employed, the corresponding equa­
t i o n s  have t o  be used; o the rwise ,  t h e  b a s i c  s t r u c t u r e  of the  procedure 
remains the  same. 

IV. CALCULATED CASES AND COMPARISON W ITH EXPER IMENTS 

I n  o rde r  t o  g a i n  an i n s i g h t  i n t o  the  magnitude of the e r r o r  which 
i s  involved by n e g l e c t i n g  the  i n f i n i t e l y  long wake or  c a v i t y  and by 
the  numerical  p rocedure ,  the  f low f i e l d  about a ha l f -body w i t h  the  
p o t e n t i a l  g (x ,  p",cp) = x-E/(4np9') i s  c a l c u l a t e d ,  where E i s  the s t r e n g t h  
of the source a t  xo on t h e  x - a x i s .  The s t r e n g t h  of the  source i s  d e t e r ­
mined i n  such  a f a s h i o n  t h a t  the  r a d i u s  of the body a t  i n f i n i t y  i s  equa l  
t o  u n i t y ;  t hen  the  d i s t a n c e  of xo from t h e  s t a g n a t i o n  p o i n t  on t h e  x 
a x i s  i s  equal  t o  one-half  the  r a d i u s .  The s p h e r i c a l  c o o r d i n a t e s ,  the  
r a d i u s  p" i s  g iven  by p" = s i n  ( ~ / 2 ) / s i ncp. The p r e s s u r e  d i s t r i b u t i o n  
i s  obta ined  by a s imple  c a l c u l a t i o n :  

The contour of the  body i s  thus g iven  by 

Since the  numerical  method employs t h e  a r c  l e n g t h  s as t h e  independent 
v a r i a b l e ,  we would l i k e  t o  r e p r e s e n t  the  ha l f -body i n  terms of the  a r c  
l eng th :  

0 
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W e  o b t a i n  f i n a l l y ,  as t h e  a r c  l e n g t h ,  

where k2 = 3 / 4  i s  t h e  modulus of t he  incomplete  e l l i p t i c  i n t e g r a l s  
F ( k , @ )  and E ( k , @ ) .  The i n t e g r a l s  a r e  known and t a b u l a t e d  i n  r e f e r e n c e  
19. For comparison w i t h  t h e  numerical  method, we need the  f i r s t  
d e r  i v a  t i v e  s 

and t h e  second d e r i v a t i v e ;  

r t l  = -= 1d 2r 
d s 2  pi\ 41 + (tg2(cp/2)/4> cos (Cp/ 2 

+ tg(Cp/2) - s i n  cp 

t .  

A f t e r  about  20R the  body w a s  t runca ted .  The bow of t h e  body was con­
s i d e r e d  t o  be s o l i d ,  rl, and i t s  s e p a r a t i o n  p o i n t  was p laced  a t  sB  = 1. 
The contour  of t h e  half-body downstream of t h e  s e p a r a t i o n  p o i n t  was 
considered t o  be t h e  f r e e  s t r e a m l i n e  r2. The p r e s s u r e  d i s t r i b u t i o n  was 
g iven  along r2 and w a s  i d e n t i c a l  w i t h  t h a t  of t he  half-body as g iven  by 
equa t ion  (v.1). I f  we i n s e r t  now the  e x a c t  geometr ic  f u n c t i o n s ,  equa­
t i o n s  ( V . 2 )  through ( V . 5 )  of t he  f r e e  s t r e a m l i n e  r2 i n t o  the  numerical  
method, and i f  we compare the  two p res su re  d i s t r i b u t i o n s  a s  obtained 
by the  numerical  method and equa t ion  (V.l), we should o b t a i n  the  e r r o r  
of t he  method. The s t a t i o n s  of t h e  c h a r a c t e r i s t i c  s e c t i o n s  S A ( S ) ,  
t oge the r  w i t h  t h e  p re s su re  c o e f f i c i e n t  a t  t he  s e p a r a t i o n  p o i n t  c p ~ ( s) = 
-.29422, a r e  l i s t e d  i n  t a b l e  1. Following the  a r c  l e n g t h  s of t he  6t 
p o i n t s  a long rl and r2 a r e  t h e  source  s t r e n g t h  q o ( s ) ,  t h e  e r r o r  (ERR) 
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(CPB(S) - C;(S)/~PB(S) on ps, the g iven  p res su re  c o e f f i c i e n t  CPW = cPB(s) 
of (V. l ) ,  t he  remaining normal v e l o c i t y  VN = VN(S), t h e  c a l c u l a t e d  p res ­
s u r e  c o e f f i c i e n t  CP = C $ ( s ) ,  t h e  p e r t u r b a t i o n  p o t e n t i a l  cpo(s) = PO, and 
f i n a l l y  t h e  i n t e g r a l  of equa t ion  (4.8).  The e r r o r  ERR becomes l a r g e r  
and l a r g e r  toward the  end of t h e  t runca ted  half-body,  as we expected.  
The e r r o r ,  however, i s  e v e n i n  the l a s t  p o i n t  on r$, l e s s  t han  1.63 pe r ­
c e n t .  The normal v e l o c i t y  VN is  almost  n e g l i g i b l e .  I n  t h e  second p a r t  
of t a b l e  1, t h e  geometr ic  f u n c t i o n s  of t h e  exac t  h a l f  body, equat ions  
(V.2) through ( V . 5 )  a r e  compared w i t h  those obta ined  by t h e  numerical  
methpd. We n o t i c e  t h a t  t h e  r a d i u s  of the  body a s  c a l c u l a t e d  w i t h  t h e  
numerical  method becomes g r e a t e r  t han  1 c l o s e  t o  t h e  end of t he  body. 
The d i f f e r e n c e ,  however, i s  l e s s  t han  =.0006R, a t  t h e  end of t h e  
body. Looking a t  the  sou rce  s t r e n g t h  Q = q ( s ) ,  we n o t i c e  t h a t  t he  
s t r e n g t h  a t t e n u a t e s  r a t h e r  f a s t  on t h e  nea r fy  c y l i n d r i c a l  p a r t  of t h e  
h a l f  body. We approximate t h e  decaying curve by C/xn, where n > 8.  
The a b s o l u t e  v a l u e  of t h e  sou rce  s t r e n g t h  i s  v e r y  s m a l l  l q o ( s ) l  < 3.10-5 
i n  the  v i c i n i t y  of t h e  end of t h e  body. Consequently,  we surmise t h a t  
t he  in f luence  of t he  t runca ted  p a r t  of t h e  wake i s  n e g l i g i b l y  sma l l .  
An e r r o r  e s t i m a t i o n  of appendix D a l s o  shows t h i s  c l e a r l y .  

The exac t  drag  c o e f f i c i e n t  of t he  forebody,  which i s  i n  p o l a r  
coord ina te s  and accord ing  t o  (6 .1)  , 

0 

w a s  c a l c u l a t e d  f o r  t he  wake p r e s s u r e  CpB = - .2942, a r a d i u s  rB = .7433 
and an angle  of % = 1.676 i n  r a d i a n s  a s  CD = .4944. On the  o t h e r  hand, 
t h e  drag  c o e f f i c i e n t  ob ta ined  w i t h  the  numerical  method was CD = .4946. 
The s e p a r a t i o n  of sB was smooth, and the  cu rva tu re  of the  s t r e a m l i n e  r2 
w a s  equal  t o  t h e  c u r v a t u r e  of t h e  forebody.  

The sequence of convergence f o r  success ive  i t e r a t i o n  s t e p s  i s  shown 
i n  F igure  2. P l o t t e d  a r e  t h e  coord ina te s  of Pz f o r  t h e  axisymmetric f low 
and the  p o s i t i o n  of t h e  wake c e n t e r l i n e s  zl/R f o r  t h e  ang le  of a t t a c k  
case  a = 10 degrees .  Even w i t h  a rough z e r o t h  approximation (a  c y l i n d e r ) ,  
on ly  about  s i x  i t e r a t i o n s  were necessa ry  t o  determine t h e  f r e e  s t r e a m l i n e  
up t o  about  15 r a d i i  behind t h e  s e p a r a t i o n  p o i n t  S B .  For t h e  angle  of 
a t t a c k  case ,  t he  ang le  of a t t a c k  d i s t r i b u t i o n  changes b a r e l y  a t  a l l  
a f t e r  n ine  i t e r a t i o n s .  The z e r o t h  approximation was t e n t a t i v e l y  assumed 
t o  be a;"(s)/a= 0. 
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I n  r e f e r e n c e 1 3 ,  Garabedian determined the  f low f i e l d  around a d i s k  
us ing  t h e  Riabouchinsky model f o r  two b a s e  p r e s s u r e s .  For the  d i s k  w i t h  
Cpg = 0 ( the  i n f i n i t e  s t r e a m l i n e  model),  he ob ta ined  t h e  d rag  c o e f f i c i e n t  
CD(O)  = . 827 .  The corresponding d rag  c o e f f i c i e n t  c a l c u l a t e d  w i t h  t h e  
p r e s e n t  method f o r  t he  same base  p r e s s u r e  y i e l d e d  .824 < CD(O) < - 8 2 9  
depending on t h e  p o s i t i o n  of SE. (The number i n  pa ren theses  d e s i g n a t e s  
from now on t h e  base  p r e s s u r e  a t  which the d rag  c o e f f i c i e n t  w a s , d e t e r ­
mined.)  For t h e  c a l c u l a t i o n ,  t he  boundary c o n d i t i o n  w a s  s a t i s f i e d  a t  
d i s c r e t e  p o i n t s  a long t h e  a r c  l e n g t h  of t h e  con tour ;  16 p o i n t s  w e r e  d i s ­
t r i b u t e d  on t h e  forebody and 6 4  p o i n t s  on t h e  f r e e  s t r e a m l i n e  up  t o  a 
downstream d i s t a n c e  of 6 0  r a d i i .  The p o i n t s  were more c l o s e l y  placed 
a t  t h e  s e p a r a t i o n  p o i n t ;  8 p o i n t s  were placed upstream and 8 p o i n t s  
,downstream of sB. The maximum e r r o r  of t h e  remaining normal v e l o c i t y  
w a s  on t h e  o r d e r  of VN < .001 up t o  about  30R behind the  d i s k .  F u r t h e r  
downstream, t h e  e r r o r  i n  the  normal v e l o c i t y  inc reased  t o  about  V, < 
.009. The corresponding d i sc repancy  i n  the  p r e s s u r e  c o e f f i c i e n t  d i s ­
t r i b u t i o n  amounted t o  about  I C p ( s )  - Cpgl < .001 up t o  s = 30R. I n  
t a b l e  2 the  c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n  and the  geometr ic  func­
t i o n s  f o r  t he  c a v i t y  behind a d i s k  f o r  Cpg = 0 are  t a b u l a t e d .  We 
n o t i c e  t h a t  i n  t h e  r e g i o n  of 30-60 r a d i i  t h e  c u r v a t u r e  f r e q u e n t l y  
changes the  s i g n ;  t he  v a l u e ,  however, s t a y s  r e l a t i v e l y  s m a l l  s o  t h a t  
t h e  i n f l u e n c e  of t h e  e r r o r  on the  p r e s s u r e  d i s t r i b u t i o n  of the  forebody 
remains s m a l l .  S i m i l a r  f l u c t u a t i o n s  occurred i n  t h e  sou rce  s t r e n g t h  
q o ( s )  i n  the  same reg ion .  

The p r e s s u r e  d i s t r i b u t i o n  of a d i s k  approached normally by t h e  
flow i s  p l o t t e d  i n  F igu re  3 .  A t  t he  s t a g n a t i o n  p o i n t ,  t he  p r e s s u r e  
d i s t r i b u t i o n  s t a r t s  w i t h  a h o r i z o n t a l  t a n g e n t .  A t  t h e  s e p a r a t i o n  
p o i n t  sB, the  p r e s s u r e  c o e f f i c i e n t  has a v e r t i c a l  t angen t  on rl; on 
the  f r e e  s t r e a m l i n e ,  however, i t  has a h o r i z o n t a l  t angen t .  The 
d e r i v a t i v e  of t h e  p r e s s u r e  c o e f f i c i e n t  C P B ( S )  along rl has a squa re -
r o o t  s i n g u l a r i t y  s i m i l a r  t o  t h e  c u r v a t u r e  on r2. 

Figure 4a shows the  d i f f e r e n c e  i n  t h e  l o c a t i o n  of t h e  f r e e  s t ream­
l i n e s  of p l ane  and r o t a t i o n a l  symmetric f low f o r  z e r o  base  p r e s s u r e ,  
and shows one main f e a t u r e  of t he  r o t a t i o n a l  symmetric flow f i e l d .  The 
wake i s  narrower than t h a t  of t h e  p l ane  f low f i e l d .  For d i f f e r e n t  
t r u n c a t i o n  p o s i t i o n s  sE,  the  f r e e  s t r e a m l i n e  r2 w a s  c a l c u l a t e d .  The 
marked p o i n t s  are those  which were used i n  t h e  numerical  c a l c u l a t i o n s ;  
we h a r d l y  n o t i c e  any i n f l u e n c e  on the  p o s i t i o n  of r2 a t  l e a s t  up t o  3R 
behind t h e  s e p a r a t i o n  p o i n t .  

An asymptot ic  r e p r e s e n t a t i o n  of the  c u r v a t u r e  K ( S )  and the  second 
d e r i v a t i v e  of t h e  s t r e a m l i n e  r a d i u s  r " ( s )  of t he  axisymmetric as w e l l  
as the plane case  i s  shown i n  F igu re  4b. The two asymptotes were 
determined by e q u a t i o n  ( 4 . 2 6 )  and ( 4 . 2 9 ) .  The c o n s t a n t  a l  w a s  c a l ­
c u l a t e d  t o  be a l  = 4 . 5 2 6 .  Since a l s o  the  fo l lowing  p o i n t s  c l o s e l y  
fo l low the  asymptotes ,  we can surmise t h a t  t he  assumption of the  square-
r o o t  s i n g u l a r i t y  and the  r e p r e s e n t a t i v e  e x p r e s s i o n  f o r  t he  asymptotes are 
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j u s t i f i e d .  The second d e r i v a t i v e  of t h e  r a d i u s  of t h e  f r e e  s t r e a m l i n e
r2 approaches,  f o r  van i sh ing  E = ( s - s ~ ) ,  the  v a l u e  -a1/2 = -2.26. The 
c i r c l e d  p o i n t s  a r e  c a l c u l a t e d .  The f i r s t  p o i n t  is  placed about 
E = 4.10'% downstream of S B .  With the  h e l p  of t h i s  p o i n t  and the  one 
fo l lowing  i n  t h e  r ( s ) - d i s t r i b u t i o n  along r2, the  c o n s t a n t s  a l  and b, 
a r e  determined. The c u r v a t u r e  and the  o t h e r  c a l c u l a t e d  f u n c t i o n s  were 
n o t  always s o  smooth as i n  F igu re  4b; however, i f  the  upstream d i s t r i b u ­
t i o n  of p o i n t s  w a s  made approximate ly  t h e  same as the  downstream d i s ­
t r i b u t i o n ,  t h e  f u n c t i o n s  were always smooth. The r eason  f o r  t h i s  i s  t o  
be sought i n  the d e t e r m i n a t i o n  of q0(sB) by e x t r a p o l a t i o n  of the upstream 
v a l u e s  of t h e  s t r e n g t h .  

The second drag c o e f f i c i e n t ,  ob ta ined  by Garabedian w i t h  a d i f f e r e n t  
method, was f o r  a base  p r e s s u r e  of Cpg = -.2235. The modified drag coef­
f i c i e n t  c.f,(-.2235) = cD/(l-cpB) had the bounds .85 < C 6  < .88.  H i s  b e s t  
e s t i m a t e  was Cf, = .865. A r e c a l c u l a t i o n  of t h i s  case produced c; = ,830, 
a r a t h e r  marked d i f f e r e n c e ,  though t h e  maximum c a v i t y  diameter i n  bo th  
cases  agreed much b e t t e r :  D c / 2 R  = 2.3 as compared w i t h  2.28 obta ined  by 
the  p r e s e n t  method. F igure  5a shows the  shape of the forward h a l f  of 
t h e  c a v i t y ,  and F igu re  5b shows t h e  p r e s s u r e  d i s t r i b u t i o n  over the f r o n t  
p a r t  of the d i s k  and a p a r t  of t h e  f r e e  s t r e a m l i n e  r2 a long  which the 
p r e s s u r e  w a s  assumed c o n s t a n t .  For our c a l c u l a t i o n  1 6  p o i n t s  were d i s ­
t r i b u t e d  on t h e  mer id ian  of the  body rl and 40 more on t h e  forward h a l f  
of the f r e e  s t r e a m l i n e .  An approximation of t h e  p o s i t i o n  of the  sym­
metry p o i n t  sR w a s  ob ta ined  w i t h  t h e  a i d  of the  d i s s i p a t i o n  model. The 
p o i n t  sD, where r2 j o i n s  rs, was used as  the  z e r o t h  approximation. With 
the  procedure d i s c r i b e d  i n  chap te r  4 ( s e c t i o n  ( 4 ) )  the  c a l c u l a t i o n  was 
continued. . The h a l f - l e n g t h  of the  c a v i t y  w a s  L/Dc x 6.4. 

F igure  6 compares the drag c o e f f i c i e n t  obtained from water t unne l s  
[!16]w i t h  t h a t  o b t a i n e d ' b y  the p r e s e n t  numerical  method. Cones of d i f ­
f e r e n t  v e r t e x  ang le s  were placed i n t o  a water t u n n e l ,  and t h e i r  bases  
were v e n t i l a t e d  t o  o b t a i n  d i f f e r e n t  base p r e s s u r e s .  The t h e o r e t i c a l  
r e s u l t s  reproduce p e r f e c t l y  the  exper imenta l  d a t a .  Some numerical 
r e s u l t s  f o r  the  drag of cones a r e  g iven  i n  t a b l e  3. The numbers 
des igna ted  w i t h  an a s t e r i s k  a r e  obtai-ned w i t h  the  Riabouchinsky model; 
whereas, the  remaining ones were obta ined  by t h e  d i s s i p a t i o n  model. 
A l l  models, d e s p i t e  t h e i r  d i f f e r e n c e s ,  converge t o  t h e  i n f i n i t e  stream­
l i n e  model f o r  a base  p r e s s u r e  of CPB = 0. A comparison of the two drag 

=c o e f f i c i e n t s  f o r  c p ~  -.41 and the  d i s k ,  '$ = 90 degrees ,  g i v e s  an i n d i ­
c a t i o n  of t h e  d i f f e r e n c e  between the  Riabouchinsky and t h e  d i s s i p a t i o n  
model. However, f o r  s m a l l e r  Cpg, the  d i f f e r e n c e  i n  the  d rag  c o e f f i c i e n t  
w i l l  d e f i n i t e l y  become g r e a t e r .  

F igure  7 shows t h e  p r e s s u r e  v a r i a t i o n  i n  t h e  wake of a d b k  as i t  
w a s  measured i n  t h e  water  t unne l  ['201 and i n  the  wind tunne l  [ t l ] .  I n  
r e f e r e n c e  20 d i f f e r e n t  to rpedo head forms were t e s t e d .  I n  the  case 
shown, a b l u n t  c y l i n d e r  i n  a x i a l  f low w a s  t e s t e d ;  t h e r e f o r e ,  the  com­
p a r i s o n  i s  n o t  q u i t e  j u s t i f i e d ,  s i n c e  t h e  t h i c k  c y l i n d e r  had a tremendous 
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- e f f e c t  on t h e  wake. A b e t t e r  comparison was ob ta ined  from r e f e r e n c e  22.  
On t h e  whole, b o t h  wake p r e s s u r e  d i s t r i b u t i o n s  have t h e  same c h a r a c t e r .  
The t h e o r e t i c a l  curves  were obta ined  w i t h  the  d i s s i p a t i o n  model f o r  a 
base  p r e s s u r e  of CPB = -.41. Across t h e  f r o n t  p a r t  of t h e  d i s k ,  a g a i n  
t h e  p r e s s u r e  ag rees  v e r y  w e l l  w i t h  t h e  t e s t s .  Along the  wake, t h e  
theo ry  i s  r i g h t . o n l y  i n  tendency. The shape of t h e  p r e s s u r e  d i s t r i b u ­
t i o n  sugges t s  t h a t  a s t ream tube  w i t h  a s m a l l e r  r a d i u s  than  t h a t  of 
t h e  d i s s i p a t i o n  model should be devised .  For t h i s  model, t h e  f r e e  
s t r e a m l i n e  w i l l  be  fol lowed a l i t t l e  b i t  longer  u n t i l  i t  meets t h e  
l i n e  r3. A t  t h i s  p o i n t  a f r e e  s t a g n a t i o n  p o i n t  i s  formed. 

Two a d d i t i o n a l  p o i n t s  ob ta ined  from wind tunne l  t e s t s  of '  r e f e r e n c e  
21 were drawn i n t o  the  d rag  p l o t  of F igure  7 .  The Reynolds number of 
t h e s e  t es t s  was 7 x lo4.  The drag  c o e f f i c i e n t  ob ta ined  w i t h  the  numeri­
c a l  method and the  Riabouchinsky model f o r  C p g  = -.41 w a s  CD = 1.176. 
The drag c o e f f i c i e n t  ob ta ined  w i t h  d i s s i p a t i o n  model and t h e  same CpB 
w a s  CD = 1.177. 

The c a v i t y  behind a d i s k ,  photographed i n  r e f e r e n c e  ,22,, i s  r ep ro ­
duced i n  F igure  8. The measured base  p r e s s u r e ,  C p g  = -.188, was remark­
ab ly  cons t an t  throughout  t he  c a v i t y  up t o  a d i s t a n c e  of s i x  d i s k  d iameters  
downstream. The f r e e  s t r e a m l i n e  f o r  t h e  same C p g  was drawn on t h e  photo­
graph ,  and a ve ry  good r e s u l t  was ob ta ined .  The f r e e  s t r e a m l i n e  co r re ­
sponds t o  t h e  d i s s i p a t i o n  model, and t h e r e f o r e  t h e  s t r e a m l i n e s  run  
p a r a l l e l  from t h e  maximum c a v i t y  d iameter  on downstream. 

The f low f i e l d  and the  wake behind a d i s k  w i t h  a base  p re s su re  of 
C P B  = -.41 were surveyed i n  a wind tunne l  [21] .  The p res su re  and ve loc ­
i t y  p r o f i l e s  i n  r a d i a l  d i r e c t i o n  were measured, and the  corresponding 
mean s t r e a m l i n e  $ = 0 w a s  c a l c u l a t e d .  The t h e o r e t i c a l  f r e e  s t r e a m l i n e s  
obta ined  w i t h  two d i f f e r e n t  models were compared w i t h  the  experimental  
one i n  F igure  9 .  The measured drag c o e f f i c i e n t  w a s  g iven  a s  C ~ ( - . 4 1 )  
= 1.13, whereas t h e  t h e o r e t i c a l  y i e lded  CD = 1.18. The f r e e  s t ream­
l i n e  of t h e  Riabouchinsky model was n o t  p l o t t e d  beyond x/R 2 3 ,  because 
t h e  measured p res su res  a long t h e  wake c e n t e r l i n e  d i f f e r e d  g r e a t l y  from 
t h e  assumption of c o n s t a n t  p r e s s u r e  f o r  t he  t h e o r e t i c a l  model. 

We now come t o  t h e  d i s c u s s i o n  of s e p a r a t i o n  p o i n t s  f o r  convex 
bod ies ,  e s p e c i a l l y  f o r  sphe res .  For t h i s  purpose we r e f e r  t o  the  
schematic  r e p r e s e n t a t i o n  of p o s s i b l e  s e p a r a t i o n  p o i n t s  i n  F igure  10. 
On the  s u r f a c e  of t he  sphe re  e x i s t s  one r e g i o n  (S-A) beginning a t  the 
s t a g n a t i o n  p o i n t  S i n  which any of t h e  s e p a r a t i n g  f r e e  s t r eaml ines  of 
t he  i n f i n i t e  wake (Helmholtz model) a r e  convex and have i n f i n i t e  curva­
t u r e  a t  t h e  s e p a r a t i o n  p o i n t  S .  The s t r e a m l i n e  i n t e r s e c t s  t h e  body 
contour  w i t h i n  S - A ,  un les s  t h e  body ends a t  sB. The f r e e  s t r e a m l i n e  r2 
s e p a r a t i n g  smoothly a t  p o i n t  A ,  has a f i n i t e  c u r v a t u r e , - w h i c h  is  equal  
t o  the  cu rva tu re  of  t h e  body a t  sB. The maximum wake occurs  f o r  a 
smooth s e p a r a t i o n .  The s e p a r a t i o n  ang le  be longing  t o  the  p o i n t  of 
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smooth s e p a r a t i o n  i s  des igna ted  as la, (smooth). Any f r e e  s t r e a m l i n e  
s e p a r a t i n g  between A and B has  a p o i n t  of i n f l e c t i o n .  Immediately 
downstream of the  s e p a r a t i o n  p o i n t  p2 is concave. A d i s t a n c e  s u f f i c ­
i e n t l y  downstream of sB,r2w i l l  change t h e  s i g n  and become convex along 
the  r e s t  of r2. The f r e e  s t r e a m l i n e  s e p a r a t i n g  a t  p o i n t  B approaches 
t h e  x-ax is  a sympto t i ca l ly  wi thou t  changing the  cu rva tu re  of r2, which 
i s  concave. The s t r e a m l i n e  forms a cusp a t  i n f i n i t y ,  and t h e r e f o r e  
has  a f r e e  s t r e a m l i n e  wid th  of ze ro  a t  i n f i n i t y .  

The f r e e  s t r e a m l i n e s  s e p a r a t i n g  between p o i n t s  B and S '  a l l  form 
a cusp on t h e  x-ax is  a f i n i t e  d i s t a n c e  downstream of t h e  s e p a r a t i o n  
p o i n t .  The t a n g e n t i a l  v e l o c i t y  VTB and r2 i n  t h i s  r e g i o n  dec reases  
w i t h  i n c r e a s i n g  s e p a r a t i o n  ang le  gfs and becomes ze ro  a t  t h e  r e a r  s t agna ­
t i o n  p o i n t  S ' .  These c a v i t i e s  have zero  drag .  The corresponding cav i ­
t i e s  w i t h  a f i n i t e  c a v i t y  wid th  have nega t ive  drag .  

A s e l e c t i o n  of d i f f e r e n t  s e p a r a t i o n  ang le s  and t h e  p e c u l i a r i t i e s  of 
t he  a s s o c i a t e d  f r e e  s t r e a m l i n e  a r e  g iven  i n  the fo l lowing  f i g u r e s ,  which 
we w i l l  d i s c u s s  mutua l ly .  F igure  11 shows t h e  behavior  of the  f r e e  
s t r e a m l i n e  F2 immediately downstream of the  s e p a r a t i o n  p o i n t  S B  (smooth),
gS (smooth) = 57.57 degrees .  The cycled p o i n t s  a r e  c a l c u l a t e d .  The 
s o l i d  l i n e s  r e p r e s e n t  t h e  asymptote f o r  t he  cu rva tu re  K ( S )  and the  
second d e r i v a t i v e s  x r ' ( s )  and r r ' ( s ) .  The cu rva tu re  approaches K, = 
K ( s B )  = -1. The o t h e r  two f u n c t i o n s  a r e  consequent ly  f i n i t e  and 
approach t h e i r  r e s p e c t i v e  xg and r g ' v a l u e  of t h e  contour  rl. The 
i n f i n i t e  wake from a p o i n t  sE = 5 0 R  was neg lec t ed .  The procedure t o  
determine t h e  smooth s e p a r a t i o n  p o i n t  was as  fol lows:  The c h a r a c t e r ­
i s t i c  s e c t i o n  downstream of t h e  s e p a r a t i o n  p o i n t  SB w a s  f o r  two sepa ra ­
t i o n  angles  !Js = 57 degrees  and ,Qfs = 58 degrees  s p e c i f i e d  t o  be the  same, 
&iA = 0.01; t hus ,  t he  f i r s t  p o i n t  y = j had the  same d i s t a n c e  ( s j  - sB) 
f o r  bo th  c a s e s .  The cons t an t s  a l  which were obta ined  were p l o t t e d  ve r sus  
ps and i n t e r p o l a t e d  l i n e a r l y  f o r  t h a t  gS f o r  which a l  = 0. This  i n t e r p o ­
l a t e d  v a l u e  was used f o r  t he  nex t  approximation.  For a s u f f i c i e n t l y  
smal l  v a l u e  ( a l l  < a l  was a r b i t r a r i l y  s e t  equal  t o  ze ro  and t h e  
corresponding ang le  ps was de f ined  a s  ,Qfs (smooth). The v a l u e  of t h e  
cons t an t  b, w a s  then  b, = .8817. I n  a d d i t i o n  t o  t h e  geometr ic  func­
t i o n s  t h e  source  s t r e n g t h  q o ( s )  i s  p l o t t e d .  The cons t an t  c1 van i shes  
cor respondingly .  The asymptot ic  expres s ions  f o r  t h e  geometr ic  func­
t i o n s ,  a s  w e l l  as f o r  t h e  source  s t r e n g t h ,  r e p r e s e n t  t h e  corresponding 
numer ica l ly  obta ined  f u n c t i o n s  ve ry  w e l l .  

F igure  12 shows t h e  indeterminancy of t h e  s e p a r a t i o n  p o i n t  on a 
sphe re  f o r  a base  p re s su re  c o e f f i c i e n t  of Cpg = 0. Three s e p a r a t i o n  
p o i n t s  a r e  chosen. The corresponding p res su re  d i s t r i b u t i o n s  on sphere  
s u r f a c e  and f r e e  s t r eaml ine  i n  t h e  neighborhood of the  s e p a r a t i o n  p o i n t s  
a r e  p l o t t e d  i n  f i g u r e  12a. The r a d i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  
arc  l e n g t h  i s  p l o t t e d  i n  f i g u r e  12b f o r  t h e  t h r e e  c a s e s ,  and f i g u r e  12c 
shows t h e  corresponding c u r v a t u r e  K ( S )  of t h e  f r e e  s t r e a m l i n e s .  The 

83 


I 
I I I l l l l l l l l l l  



curve  w i t h  t h e  index 2 i n d i c a t e s  t h e  case f o r  smooth s e p a r a t i o n .  Here 
t h e  d e r i v a t i v e  of t h e  p r e s s u r e  c o e f f i c i e n t  w i t h  r e s p e c t  t o  t h e  a r c  
l e n g t h  dCp/ds i s  a cont inuous f u n c t i o n  on t h e  sphe re  and f r e e  s t ream­
l i n e ,  t h e  c o n d i t i o n  f o r  smooth s e p a r a t i o n .  A t  t h i s  p o i n t  t h e  rad ia l  
d e r i v a t i v e  and t h e  cu rva tu re  a r e  smooth f u n c t i o n s  of t h e  a r c  l eng th .  
The curve w i t h  index 1 shows t h e  case  where t h e  f low s e p a r a t e s  upstream 
of t h e  p o i n t  of smooth s e p a r a t i o n .  The p r e s s u r e  c o e f f i c i e n t  Cp(s] on 
t h e  sphe re  van i shes  w i t h  an i n f i n i t e  nega t ive  t angen t  a t  t he  s e p a r a t i o n  
p o i n t ,  and t h e  cu rva tu re  K is  convex and g r e a t e r  t han  t h e  cu rva tu re  of 
t he  sphe re .  Consequently,  t h e  f r e e  s t r e a m l i n e  p e n e t r a t e s  t he  s o l i d  
body, and th i s  case  of an a b r u p t  s e p a r a t i o n  i s  t h e r e f o r e  p h y s i c a l l y  
u n r e a l i s t i c .  One o t h e r  a b r u p t  s e p a r a t i o n  i s  shown by t h e  curve w i t h  
the  index 3 downstream of t h e  p o i n t  of smooth s e p a r a t i o n .  The p res ­
s u r e  van i shes  a t  the  s e p a r a t i o n  p o i n t  w i t h  a p o s i t i v e  i n f i n i t e  tangent .  
The minimum pres su re  occurs  on t h e  sphe re ,  and t h e  p re s su re  i n  the  c a v i t y  
i s  h ighe r .  The cu rva tu re  of t h e  f r e e  s t r e a m l i n e  a t  the  s e p a r a t i o n  p o i n t  
i s  concave f o r  a s h o r t  d i s t a n c e ,  has an i n f l e c t i o n  p o i n t ,  becomes convex 
f u r t h e r  downstream, and dec reases  monotonica l ly .  For c a v i t a t i o n a l  f low 
one can a rgue  t h a t  t he  p re s su re  must be a minimum i n  the  c a v i t y  because ,  
o the rwise ,  even a smal l  r e d u c t i o n  i n  t h e  p re s su re  c o e f f i c i e n t  Cp would 
induce c a v i t a t i o n  elsewhere.  This imp l i e s  t h a t  the  f r e e  s t r e a m l i n e  must 
be convex toward the  c a v i t y .  By B e r n o u l l i ' s  theorem, t h i s  i s  e q u i v a l e n t  
t o  t h e  c o n d i t i o n  t h a t  the  v e l o c i t y  i s  a maximum on the  f r e e  s t r e a m l i n e .  
Assuming convexi ty ,  f o r  t he  f r e e  s t r e a m l i n e  n o t  t o  p e n e t r a t e  t h e  o b s t a c l e ,  
t he  f r e e  s t r e a m l i n e  must have f i n i t e  cu rva tu re .  I n  f a c t ,  t h e  l o c a l  curva­
t u r e  of t h e  o b s t a c l e  cannot  be exceeded. These B r i l l o u i n  s e p a r a t i o n  
cond i t ions  p o i n t  o u t  t h a t  smooth s e p a r a t i o n  should be the  only  phys ica l  
p o s s i b i l i t y  �or  c a v i t a t i o n  t o  occur .  

The c u r v a t u r e  K ( S )  of some s e l e c t e d  f r e e  s t r e a m l i n e  r2 i s  shown i n  
f i g u r e  13. For s e p a r a t i o n  angles  from Ps (smooth) t o  &-x 110 degrees ,  
t h e  base  p r e s s u r e  c o e f f i c i e n t  w a s  a r b i t r a r i l y  s e l e c t e d  as Cpg = 0.  For 
h igher  s e p a r a t i o n  ang le s  gS >Et h e  p r e s s u r e  c o e f f i c i e n t  w a s  l i m i t e d  
and could no longer  be chosen f r e e l y .  We n o t i c e  t h a t  t h e  f r e e  s t ream­
l i n e  has  a p o i n t  of i n f l e c t i o n  w i t h i n  t h e  r eg ion  A-B (gS (smooth) < & 
< &-) which s h i f t s  downstream on r2 w i t h  i n c r e a s i n g  gS. The concave 
r eg ion  i n c r e a s e s  thus  u n t i l  a t  7& = 110 and Cpg = 0.0  t h e  f r e e  s t ream­
l i n e  is  only  concave and is t h e r e f o r e  forming a cusp a t  i n f i n i t y .  I f  
t h e  s e p a r a t i o n  po in t  s h i f t s  beyond B ,  t h e  cor responding  f r e e  s t r e a m l i n e  
is only  concave. I n  F igure  14a,  w e  n o t i c e  t h a t  t h e  wake o r  c a v i t y  wid th  
dec reases  w i t h  i n c r e a s i n g  PS. For &. > t h e  f r e e  s t r e a m l i n e  r2 and 
t h e  s t r e a m l i n e  r3 of t h e  d i s s i p a t i o n  model hav,e a p o i n t  of c o n t a c t  of 
f i r s t  o r d e r .  The diameter  of t h e  s t r eam tube  r3 vanishes  f o r  a c e r t a i n  
va lue  of Cpg. We d e s i g n a t e  t h i s  va lue  t o  be Cpg ( l im) .  The f r e e  
s t r e a m l i n e s  then  form a cusp on t h e  x - a x i s ,  and wake form I is obta ined .  
The p a r t i c u l a r  (Cpg, /as)-combination is  p l o t t e d  i n  F igu re  14b. For 
Cpg va lues  below t h e  l i n e  des igna ted  as "Cpg ( l i m ) ; '  t h e  f r e e  stream­
l i n e s  i n t e r s e c t  t h e  x -ax i s  and each o t h e r .  On t h e  o t h e r  hand, i f  we 
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choose CpB v a l u e s  above CpB(lim),  we o b t a i n  the  wake form I1 w i t h  nega­
t i v e  d rag .  On the  l i n e  CpB(lim) the  d rag  c o e f f i c i e n t  i s  z e r o  because 
t h e  corresponding wake wid th  i s  zero.  For la, >z,f r e e  s t r e a m l i n ethe
r2 i s  on ly  concave, and one can prove w i t h  equa t ion  (C.16) t h a t  VTB < 1. 
There fo re ,  only p o s i t i v e  p r e s s u r e  c o e f f i c i e n t s  a r e  p o s s i b l e  i n  t h i s  
r eg ion .  Since t h e  mean c u r v a t u r e  increas ,es  w i t h  i n c r e a s i n g  g S ,  t he  
t a n g e n t i a l  v e l o c i t y  VTB on r2 dec reases  u n t i l  i t  becomes z e r o  f o r  
gS = 180 degrees .  F igu re  15a shows, i n  a d d i t i o n  t o  wake form I, a l s o  
wake form 11 f o r  t he  c a s e  gS = 130 degrees .  The p r e s s u r e  c o e f f i c i e n t  
Cpg(1im) = . 2 2 2  produces approximately z e r o  d rag .  However, i f  we 
choose Cpg = . 2 5 ,  we o b t a i n  a f i n i t e  wake width w i t h  t h e  corresponding 
d rag  c o e f f i c i e n t  of CD = -.026. I n  o rde r  t o  o b t a i n  t h e  cusped wake 
form, t h e  rearward r e g i o n  o f  t h e  c a v i t y  had t o  be changed. The p res ­
s u r e  c o e f f i c i e n t  on the  f i x e d  cone s u r f a c e  ( i t s  g e n e a t r i x  is  an  expo­
n e n t i a l  f u n c t i o n )  d i d  change from the  s p e c i f i e d  Cpg o n l y  s l i g h t l y .  
Only i n  the  r e g i o n  of t h e  rearward s t a g n a t i o n  p o i n t  d i d  the  p re s su re  
change a p p r e c i a b l y ;  t h e r e f o r e ,  t he  p o i n t  of i n t e r s e c t i o n  between r3 and 
the  x -ax i s  i s  q u a n t i t a t i v e l y  and q u a l i t a t i v e l y  no t  q u i t e  r i g h t .  One 
o t h e r  p o s s i b i l i t y ,  however, t o  o b t a i n  the  cusped c a v i t y  i s  t he  extrapo­
l a t i o n  of t h e  wake form 11 t o  lower CpB v a l u e s .  

F igu re  15b shows an  a d d i t i o n a l  r eg ion  where the s e p a r a t i o n  ang le
Ps and the  wake p r e s s u r e  cannot be chosen a r b i t r a r i l y .  The correspond­
ing  wake forms f o r  a CPB = - . l  a r e  p l o t t e d  i n  Figure 16. I f  we ho ld ,  
f o r  i n s t a n c e ,  t h e  base  p r e s s u r e  c o n s t a n t  (CpB = - . l )  and l e t  t he  
s e p a r a t i o n  ang le  Ps change t o  h ighe r  a n g l e s ,  then t h e  wake wid th  
dec reases  and w i t h  i t  t h e  d rag  c o e f f i c i e n t .  The c u r v a t u r e  of r2 i s  
concave and becomes convex s h o r t l y  b e f o r e  it j o i n s  t h e  s t r e a m l i n e  r2. 
The convex r e g i o n  f i n a l l y  d i s a p p e a r s ,  and r2 i s  on ly  concave. A con­
cave s t r e a m l i n e  cannot s u s t a i n  VTB > 1, and t h e r e f o r e  t h e  s t r e a m l i n e  
model breaks down. For CPB = - . l ,  the  s e p a r a t i o n  ang le  = 99.6 
r e p r e s e n t s  t he  l i m i t i n g  rearward ang le  p o s s i b l e  f o r  the  model. One 
o t h e r  t r y  f o r  $Js = 99.75 f a i l e d .  F igu re  13c a l s o  shows t h a t ,  f o r  
dec reas ing  id,, t he  c o n t a c t  p o i n t  sD between r2 and r3 moves forward. 
With dec reas ing  CPB, t he  s e p a r a t i o n  ang le  gS (smooth) moves t o  h ighe r  
a n g l e s .  The l i m i t i n g  s e p a r a t i o n  ang le  z,however, moves forward from 
110 degrees  f o r  CpB = 0 t o  a p o s i t i o n  of 90 degrees  f o r  a CPB = - .525. 
A t  t h i s  p o i n t ,  t h e  f r e e  s t r e a m l i n e  r2 has disappeared and rl l eads  
d i r e c t l y  i n t o  r3. These i n v e s t i g a t i o n s  could be c a r r i e d  on almost 
w i thou t  l i m i t ,  Although t h e r e  a r e  s t i l l  a number of i n t e r e s t i n g  ques­
t i o n s  about  s epa ra t io r ,  from round b o d i e s ,  we a r e  p r e s e n t l y  c o n t e n t  
on ly  w i t h  t h i s  l i m i t e d  i n v e s t i g a t i o n .  

I n  F igu re  1 7  an a t t e m p t  w a s  made t o  p r e d i c t  t he  laminar  s e p a r a t i o n  
p o i n t  of t h e  sphe re .  (The boundary l a y e r  method used can be found i n  
r e f e r e n c e  23 . )  The boundary l a y e r  equa t ion  is solved by a s e r i e s  
approximation of t he  "separated" v e l o c i t y  d i s t r i b u t i o n ,  by t h e  use of 
an  i t e r a t i v e  procedure.  For a f i x e d  base  p r e s s u r e  c o e f f i c i e n t  of 
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CPB = - . 4 5 ,  an  a r b i t r a r y  s e p a r a t i o n  p o i n t  around gfs x 80 degrees  was 
chosen. The r e s u l t i n g  v e l o c i t y  d i s t r i b u t i o n  on the s p h e r e  w a s  developed 
i n t o  a polynomial con ta in ing  terms of up t o  s7, where s i s  a g a i n  t h e  a r c  
l eng th .  The boundary l a y e r  equa t ions  were then so lved ,  and a new sepa ra ­
t i o n  p o i n t  w a s  ob ta ined .  The wind tunne l  experiment y i e lded  a s e p a r a t i o n  
p o i n t  of $iYS = 81 d e g r e e s ;  t he  i t e r a t i o n  procedure p r e d i c t e d  a s e p a r a t i o n  
p o i n t  of gfs = 77 degrees  p l u s .  One of t h e  d i f f i c u l t i e s  w a s  t o  reproduce 
the  v e l o c i t y  d i s t r i b u t i o n  i n  the  neighborhood df t h e  s e p a r a t i o n  p o i n t .  
A more modern procedure might have g iven  a much c l o s e r  r e s u l t .  Fig­
u re  1 7  shows the  t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n  f o r  a laminar s epa ra ­
t i o n  a t  gfs = 80 degrees ,  and f o r  t u r b u l e n t  s e p a r a t i o n  a t  PS = 143  degrees .  
Due t o  the  laminar  s e p a r a t i o n  bubble (T) on t h e  l e e  s i d e  of t h e  sphe re ,  
t he  theo ry  does n o t  q u i t e  reproduce t h e  a c t u a l  p r e s s u r e  d i s t r i b u t i o n  
over t h a t  p o r t i o n  of t h e  s u r f a c e .  The t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n  
w a s  s e l e c t e d  i n  such a f a s h i o n  t h a t  t he  p r e s s u r e  d i s t r i b u t i o n  of t e s t  
and theory coincided v e r y  w e l l  over t he  forward p a r t  of t he  sphere.  
For a s e p a r a t i o n  ang le  of gs = 130 degrees ,  we o b t a i n  the  lowest  pos­
s i b l e  p r e s s u r e  c o e f f i c i e n t  as CpB(lim) = . 2 2 2  w i t h  CD = 0. 

The B r i l l o u i n  s e p a r a t i o n  cond i t ions  were t e s t e d  i n  a water  tunnel  
[ 2 4 ]  on a sphere.  (The r e s u l t s  a r e  p l o t t e d  i n  F igu re  18.)  The d rag  
c o e f f i c i e n t s  f o r  sphe res  obtained by the  use of a x i a l  s i n g u l a r i t i e s  
(flow p a s t  a half-body)  were given as C D ( 0 )  = .30 i n  r e f e r e n c e  24. This  
r e s u l t  can be compared t o  the  smooth s e p a r a t i o n  occur r ing  a t  an ang le  
of about gS = 57 t o  58 degrees  measured from t h e  forward s t a g n a t i o n  
p o i n t .  The corresponding d rag  c o e f f i c i e n t  ob ta ined  by the  p r e s e n t  
method y i e l d s  CD(0) = .31 .  It seems, however, t h a t  c a v i t a t i o n  does n o t  
occur a t  t h e  p o i n t  of smooth s e p a r a t i o n  ( B r i l l o u i n  p o i n t ) ,  probably 
because of s u r f a c e  t e n s i o n .  The c a v i t a t i o n  o c c u r s ,  r a t h e r ,  a t  g r e a t e r  
angles  gs N 80 degrees  depending m i l d l y  on base  p r e s s u r e  c o e f f i c i e n t .  
Using these  s e p a r a t i o n  a n g l e s ,  t he  corresponding d rag  c o e f f i c i e n t s  were 
c a l c u l a t e d .  Varying t h e  s e p a r a t i o n  ang le  by a few degrees  and p l o t t i n g  
the  corresponding d rag  r e s u l t ,  i t  was found t h a t  t h e  d rag  c o e f f i c i e n t s ,  
shown i n  f i g u r e  18a, were c l o s e r  t o  the  minimum drag  c o e f f i c i e n t  of t he  
sphere f o r  f i x e d  base  p r e s s u r e  c o e f f i c i e n t .  

Figure 1 9  shows the  behavior  of t h e  f r e e  s t r e a m l i n e  immediately 
downstream of t h e  s e p a r a t i o n  p o i n t  sB = gfs = n / 2  from a sphe re .  For 
t h i s  po in t  r '  = 0,  r" = -1 and x; = 1. The c u r v a t u r e  of t he  sphe re  i s  
cons t an t  and K~ = - 1. With equa t ion  (4.29) and on ly  a l  cons ide red ,  
we o b t a i n ,  f o r  E + 0, 
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where a l  = . 3616 .  This  f u n c t i o n  i s  p l o t t e d  i n  f i g u r e  19  as an  asymptote. 
Close t o  t h e  s e p a r a t i o n  p o i n t  t he  f r e e  s t r e a m l i n e  i s  v e r y  w e l l  r e p r e ­
sen ted  by the  asymptot ic  expres s ion .  For t h i s  p o i n t ,  on ly  t h e  second 
d e r i v a t i v e  of t h e  r a d i u s  r ( s )  c o n t r i b u t e s  t o  t h e  square r o o t  s i n g u l a r ­
i t y .  Consequently,  t h e  f u n c t i o n  x f f ( s )  must approach a f i n i t e  va lue :  

which indeed w i l l  be  approached. 

The l i f t  of cones w a s  measured i n  t h e  wa te r  t unne l  [ 2 5 ] .  Fig­
u r e  20 p l o t s  t h e  l i f t  c o e f f i c i e n t  g r a d i e n t  dCL/da f o r  zero ang le  of 
a t t a c k  and a base  p r e s s u r e  of CpB = .O and - . L .  The base  p r e s s u r e ,  a 
f u n c t i o n  of t h e  ang le  of a t t a c k ,  w a s  held c o n s t a n t  f o r  t h e s e  i n v e s t i g a ­
t i o n s .  One n o t i c e s  t h a t ,  w i t h  dec reas ing  base  p r e s s u r e  c o e f f i c i e n t ,  
t he  l i f t  c o e f f i c i e n t  g r a d i e n t  a l s o  d e c r e a s e s .  For ve ry  s m a l l  cone 
h a l f - a n g l e s ,  t h e  l i f t  s l o p e  approaches the  " s l ende r  body" r e s u l t  of 
d C L / d a  = 2 .  With i n c r e a s i n g  cone h a l f  a n g l e ,  however, t h e  l i f t  grad­
i e n t  dec reases  and becomes n e g a t i v e  u n t i l  a t  B = 90 degrees  only the  
drag component c o n t r i b u t e s  t o  the  l i f t .  

I n  a d d i t i o n  t o  the  t h e o r e t i c a l  l i f t  c o e f f i c i e n t  g r a d i e n t  obtained 
by the  numerical  procedure,  some approximate t h e o r i e s  a r e  p r o f f e r e d  
which were ob ta ined  from r e f e r e n c e  26. The curve f o r  t h e  modified 
s l e n d e r  body w a s  obtained i n  t h e  fol lowing way. For c a l c u l a t i n g  t h e  
normal f o r c e  of a s l e n d e r  body, only the  change of t he  momentum i n  
p l anes  normal t o  t h e  body i s  cons ide red .  For s l e n d e r  b o d i e s ,  t h i s  
p l ane  moves w i t h  t he  v e l o c i t y  of U, along the  body a x i s ,  and the  
r e s u l t  i s  the  w e l l  known C L ~= 2 .0 .  For cones w i t h  an a p p r e c i a b l e  
h a l f - a n g l e  p, t he  v e l o c i t y  a long t h e  cone s u r f a c e  w i l l  be l e s s  than 
U,. We assume t h a t  t h i s  v e l o c i t y  w i l l  be VT cos p. We o b t a i n  w i t h  
s e c t i o n  6 ,  f o r  t he  l i f t  g r a d i e n t ,  

where 

F i n a l l y ,  we o b t a i n  w i t h  

CLa = 2 ( 1  - Cp,) cos'@ ­
cDO 
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an  expres s ion  which shows a r e l a t i v e l y  good co inc idence  w i t h  t e s t s  f o r  
a l l  ha l f - ang le s  inc lud ing  t h e  d i s k .  

One o t h e r  method, t e r m e d  " s t r i p  theory ,"  was taken from r e f e r e n c e  
26 and p l o t t e d  i n t o  F igure  20. The theory  resembles  a correspondence 
theo ry ,  where two-dimensional r e s u l t s  a r e  app l i ed  t o  bodies  of revolu­
t ion.  

The l i f t ,  moment, and drag  c o e f f i c i e n t  of cones w i t h  ha l f - ang le s  
of  (3 = 15,  45, and 90 degrees  and a cons t an t  base  p r e s s u r e  c o e f f i c i e n t  
of cpB = -.l a r e  p l o t t e d  as a f u n c t i o n  of t he  angle  of a t t a c k  i n  Fig­
u r e  21. The d i s k  i s  he re  considered as a cone of 90 degrees  h a l f -
angle .  For t e c h n i c a l  reasons  the  ang le  of a t t a c k  was chosen t o  be 
nega t ive .  The d rag  c o e f f i c i e n t  CD(a)as  a f u n c t i o n  of t he  angle  of 
a t t a c k  i s  f a i r l y  w e l l  reproduced by the  l i n e a r i z e d  theo ry  except  f o r  
t h e  cone of p = 15 degrees ,  where t h e  theo ry  does n o t  q u i t e  p r e d i c t  
t he  i n c r e a s e  i n  drag  w i t h  ang le  of a t t a c k .  It i s  p o s s i b l e  t h a t  some 
h igher  terms i n  a which a r e  neg lec t ed  h e r e  p l a y  a c e r t a i n  r o l e .  The 
l i f t  c o e f f i c i e n t  i s  s a t i s f a c t o r i l y  reproduced a s  i s  t h e  moment coef­
f i c i e n t  over t he  a n g l e - o f - a t t a c k  range where s e p a r a t i o n  of the  flow 
from t h e  l e e  s i d e  of t h e  body i s  n o t  expec ted ,  a 5 p. The r e f e r e n c e  
p o i n t  f o r  t he  moment c o e f f i c i e n t  was i n  a l l  cases  t h e  c e n t e r  of the  
cone bases  and the  s t a g n a t i o n  p o i n t  of t he  d i s k .  

F igure  22 shows the  l i f t  and drag  c o e f f i c i e n t  of a 15-degree cone 
p l o t t e d  ve r sus  t h e  base p r e s s u r e  c o e f f i c i e n t .  Even f o r  an angle  of 
a t t a c k  of a = +20", t he  theory  i s  s t i l l  p r e d i c t i n g  the  r i g h t  l i f t  coef­
f i c i e n t .  Also,  t h e  tendency w i t h  va ry ing  base p r e s s u r e  c o e f f i c i e n t  i s  
w e l l  reproduced.  A t  an angle  of a t t a c k  of a = 0 degrees ,  the  c a v i t y  
was sub jec t ed  t o  a h y d r o s t a t i c  l i f t  which was no t i ced  aga in  on the  f o r e -
body. The t h e o r e t i c a l  r e s u l t  was t h e r e f o r e  s h i f t e d  toward the  e x p e r i ­
mental  f o r  a = 0. The change of t h e  drag  c o e f f i c i e n t  w i t h  the  angle  of 
a t t a c k  i s  ve ry  good f o r  s m a l l  ang le s ;  f o r  h ighe r  va lues  of a, however, 
t h e  theory  y i e l d s  s m a l l e r  v a l u e s .  This  was a l r e a d y  no t i ced  i n  F igure  21. 

I n  F igures  23 and 24 the same c o e f f i c i e n t s  a r e  p l o t t e d  a s  i n  Fig­
u r e  22 f o r  a 45-degree cone and a d i s k ,  r e s p e c t i v e l y .  I n  these  c a s e s ,  
t h e  c a v i t y  had l i t t l e  o r  no e f f e c t  on t h e  a = 0 s h i f t  f o r  t he  l i f t  
c o e f f i c i e n t ,  s i n c e  t h e  normal f o r c e  f o r  a 45-degree cone i s  ve ry  smal l  
and t h a t  of a d i s k  i s  zero .  

The downwash angles  behind cones of ,f3 = 15, 45, and 90 degree h a l f -
angles  a r e  compared i n  f i g u r e  25. With dec reas ing  cone h a l f - a n g l e ,  
which corresponds t o  i n c r e a s i n g  l i f t  c o e f f i c i e n t  of t h e  forebody,  t he  
r a t i o  of the  l o c a l  wake angle  of a t t a c k  a ( s )  t o  t he  angle  of a t t a c k  of 
t h e  forebody a i n c r e a s e s .  For a d i s k ,  t h e r e f o r e ,  the  wake leaves  t h e  
base  e s s e n t i a l l y  i n  the  same d i r e c t i o n  as  the  f r e e  s t ream;  whereas,  
f o r  cones the  downwash ang le  i n c r e a s e s  behind the  base  and approaches 
a s y m p t o t i c a l l y  a c e r t a i n  l i m i t i n g  va lue  a t  i n f i n i t y ,  accord ing  t o  the  
normal f o r c e  of t he  forebody.  
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To o b t a i n  an i d e a  o f  how good t h e  approximate theo ry  d e s c r i b e s  
t h e  wake of a body a t  z e r o  and s m a l l  ang le s  of a t t a c k ,  t h e  f r e e  s t ream­
l i n e s  were drawn i n t o  t h e  shadowgraphs of t he  f low c o n f i g u r a t i o n s  of 
Figures  15  and 16 .  F igu re  26 shows a cone of 50 degrees  h a l f - a n g l e  a t  
an  ang le  of a t t a c k  of a = 10 and 0 degrees .  The base  p r e s s u r e  coef­
f i c i e n t  w a s  me&ured a t  CpB = - . 4 .  The lower edge of t he  wake i s  
f a i r l y  w e l l  reproduced c l o s e  t o  the  body base  where t h e  s h e a r  l a y e r  
of t h e  wake i s  r e l a t i v e l y  t h i n .  Figure 27 shows t h e  wake of a 15-degree 
cone a t  a = 1 0  and 0 degrees  w i t h  a base  p r e s s u r e  of approximately 
CPB = - . 3 2 .  Wake boundary and f r e e  s t r e a m l i n e  show a g a i n  a f a i r  c o i n c i ­
dence,  a t  l e a s t  up t o  two d iame te r s  behind the  base  of t he  cone. The 
f r e e  s t r e a m l i n e s  f o r  b o t h  cones were obtained w i t h  t h e  d i s s i p a t i o n  
model. 

V. FURTHER APPLICATIONS 

I n  the  a r e a  of s t e a d y  d i scon t inuous  f lows,  o t h e r  a p p l i c a t i o n s  of 
t h e  theo ry  are  p o s s i b l e .  I n  some eng inee r ing  prob.lems, t h e  added o r  
v i r t u a l  masses of bodies  a t  s e p a r a t e d  flow c o n d i t i o n s  f o r  i n s t a n c e ,  
me teo ro log ica l  b a l l o o n s  and parachute  canopies must be known t o  
determine t h e i r  dynamical behav io r .  The theo ry  y i e l d s  t h e s e  q u a n t i ­
t i e s  r e a d i l y ,  Furthermore,  r o t a t i o n a l  symmetric bod ie s  can be con­
s t r u c t e d  whose s u r f a c e s  have a c e r t a i n  p re sc r ibed  p r e s s u r e  d i s t r i b u t i o n .  
However, t he  g i v e n  d i s t r i b u t i o n  must obey c e r t a i n  r u l e s ! i n  o rde r  n o t  t o  
produce n e g a t i v e  body r a d i i .  I n t o  t h e  same ca t egory  f a l l s  t h e  problem 
of des ign ing  t h e  optimum shape of t he  cowl of a r o t a t i o n a l  symmetric j e t  
i n t a k e .  Another c l a s s  of problems i s  t h e  f low o u t  of an  o r i f i c e ,  j e t  
p e n e t r a t i o n ,  and c a v i t y  and j e t  flows under the  i n f l u e n c e  of g r a v i t y  
f i e l d s .  The theo ry  i s  d i r e c t l y  a p p l i c a b l e  t o  some of t h e  mentioned 
problems; whereas,  f o r  c e r t a i n  o t h e r s ,  s l i g h t  m o d i f i c a t i o n s  i n  the  
boundary cond i t ions  have t o  be made. 

VI. CONCLUSIONS 

The flow about  bod ie s  of r e v o l u t i o n  w i t h  b l u n t  b a s e s  s e p a r a t e s  and 
forms a f r e e  s t r e a m l i n e  which d i v i d e s  the  flow f i e l d  i n t o  an o u t e r  f low 
r e g i o n  and t h e  wake r e g i o n  w i t h  z e r o  v e l o c i t i e s .  I n  case of c a v i t a ­
t i o n a l  f low, t h i s  f r e e  s t r e a m l i n e  i s  c l e a r l y  v i s i b l e  i n  f low p i c t u r e s .  
For wake f lows ,  t he  f r e e  s t r e a m l i n e  concept i s  merely an i d e a l i z a t i o n  
of t he  f r e e  s h e a r  l a y e r .  
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An i n t e g r a l  equa t ion  method us ing  s i n g u l a r i t i e s  on t h e  s u r f a c e  of 
t h e  body and the  f r e e  s t r e a m l i n e  w a s  app l i ed  t o  o b t a i n  s o l u t i o n s  f o r  
t h e  mixed boundary-value problem. The problem con ta ins  two parameters  
f o r  t h e  case  of s e p a r a t i o n  from a smooth body: t h e  base  p r e s s u r e  PB 
and t h e  s e p a r a t i o n  p o i n t  sB on t h e  s u r f a c e  of t h e  r i g i d  body. With 
t h e  h e l p  of boundary l a y e r  theory  t h e  second parameter  can be e l imina ted  
as w a s  proven w i t h  an example ( laminar  s e p a r a t i o n  from a sphe re ) .  The 
base  p r e s s u r e  PB f o r  wake flow must be obta ined  from experiment .  For 
c a v i t a t i o n a l  f low,  PB i s  equal  t o  the  vapor  p r e s s u r e  of t he  l i q u i d .  

An approximate procedure f o r  t h e  body a t  sma l l  ang le s  of a t t a c k  
analogous t o  the  ze ro  angle  of a t t a c k  case  w a s  developed i n  the  second 
p a r t  of t he  r e p o r t .  The geometr ic  shape of t h e  c a v i t y  a s  ob ta ined  i n  
the  a x i a l  f low case  was used f o r  t he  angle  of a t t a c k  case .  The sec ­
t i o n s  of t he  wake a r e  s h i f t e d  t o  a p o s i t i o n  where the  l o c a l  normal 
f o r c e  on t h e  wake is  zero .  The p o t e n t i a l  of t h e  ben t  wake could be 
reduced t o  t h a t  o f  a s t r a i g h t  one a f t e r  a s e r i e s  development and 
l i n e a r i z a t i o n  where the  ang le  of a t t a c k  d i s t r i b u t i o n  v a r i e s  a long  
t h e  boundary of t h e  wake. 

A number of examples a r e  g iven ,  and t h e o r e t i c a l  and exper imenta l  
r e s u l t s  were compared. E x c e l l e n t  t o  good agreement of d rag ,  l i f t ,  
moment, and induced drag c o e f f i c i e n t s  was achieved even a t  moderate 
a n g l e s  of a t t a c k .  The e x c e l l e n t  agreement between theo ry  and expe r i ­
ment proves f u r t h e r  t h a t  t h e  f r e e  s t r e a m l i n e  concept  can be app l i ed  t o  
wake f lows ,  a s  long as one i s  concerned w i t h  t h e  f o r c e s  on the  r i g i d  
body only .  
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TABLE 1 ( c o n t i n u e d )  

The E x a c t  and Approximate Geometr ic  F u n c t i o n s  of t h e  Half-Body 

11 E x a c t :  11 Approximate Numer ica l  P rocedure :11 P a r a l l e l  Flow + Source  (The r e g i o n  s 2 1 i s  d e f i n e d  a s  
-_-_ 

1 - x I R 1 RP R P 2  
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TABLE 2.  THE PRESSURE COEFFICIENT AND THE GEOMETRY 

OF THE CAVITY BEHIND A DISK FOR Cpg = 0 

LEGEND : 
9 .  (I 8 ' 0  n o  n n P E - O  1 
i . n i ~ n n n @ n ~  30 
1 . 1 ' : 0 " 0 * G n E  n o  

i . 4 n u n o n n n t  on S = a r c  l e n g t h  CUR = curva tu re  

a . 2 n a o ~ n a n ~on 

1 . n n 0 ' 1 o n o n E  n i  
6 .r taoaennn6 of R = wake r ad ius  ( r ( s ) )  VN = remaining normal v e l o c i t y  

RP = d r l d s  on the  s t r eaml ine  
C D I  .8 .2808,�-01 

cpn I 0 R P 2  = d2r /ds2  
CP = pres su re  c o e f f i c i e n t  

5.ncnnonflnE on X = x-coord ina te  Q = source  s t r e n g t h  
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TABLE 3 .  CONE AND SPHERE DRAG COEFFICIENTS 

* :S R i a b o u c h .  Mod. ; 
'PB 

B = 	15" 

45"  

6 3 . 4 "  

90" 

.O 1-.05 
~ 

.1460 

.5042 

.6679 

.8238 .8664 

. 

'PB 

- . 3  - . 4 1  - . 6  

.2014 

.5694 .6360 

- 9 0 9 2  .9955 1.0144"' 1 .0822 1 .1777 
I .  1767" I .  3455 

. ~. 

S p h e r e  Drag  C o e f f i c i e n t s  
~ 

. o  - . 2  - . 4 5  
-

ps = 	5 2 . 3 2 "  

5 4 . 0 4 "  

5 5 . 7 5 "  

5 7 . 4 8 "  

6 3 . 0 3 "  

80" 

82 " 

~.. 

.3027 

.3063 

.3084 

.3090 

.3090 

.3076 .4909 

.2907 .4797 
. -. 
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- - - - 

TABLE 4 .  THE APPROXIMATE CALCULATION 

OF THE LAMINAR SEPARATION POINT FROM A SPHERE 

- . . - - . -

S 


.027423 .055215 

.140419 .203833 

- 3 2 7 6 6 0  .466285 

-563907  .769968 

.817262 1 .040140 

1 .053509  1 . 2 1 8 3 3 2  

1 .240750 1 .289778 

1 .353746 1 .285990  

1 . 3 8 2 1 6 2  1 .274379 

1 .386253 1 .272036 

1 .393031 1 .267721 

1 .401584 1 .261152 

1 .410755  1 .252393 

1 .419308  1 .241234  

1 .426086 1 .227846  

1.430177 1 .212065  

-
u1 = 1 . 4 8 4 5 ,  5 = - . 4 3 8 5 ,  

VT Ca lcu la t ed  

.040701 

.207253 

.471754 

.769153 

1 .032990  

1 .221146 

1 .3001  6 2  

1 .285045 

1'. 269342 

1.266597 

1.261764 

I. 255147 

1 .247384 

1 .239498 

1 .232790 

1 .228540  

E r r o r  

.2628 

-.0167 

-.0117 

. O O l O  

.0068 

-.0 0 2 3  

- .SO80 

.0007 

.3042 

.1;042 

.0046 

.0047 

.0039 

.0013 

- .0040 

-.0135 
1 

The d e t e r m i n a t i o n  e q u a t i o n  f o r  the s e p a r a t i o n  p o i n t  i s :  

B - B = 0 .1 - . 6 8 3 2 ~ :  + - 4 6 6 6 ~ ~. 2 1 9 8 s C  

Solu t ion :  
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I !  

(a) The Coordinate  System and t h e  D i s t r i b u t i o n  of Po in t s  
n 

x 
(b) Represen ta t ion  of Two Lines w i t h  VN = 0 Along rz 

Figure 1. Notat ions and Schematic of Cav i ty  or Wake Flow 
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(c )  The Bent  Wake and A d d i t i o n a l  Notat ions 

F igu re  1. (Continued) 
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x /  R 
( a )  The Axisymmetric Flow 

"0 5 10 15 20 
x / R  

(b)  Flow About t he  10-Degree I n c l i n e d  Cone 

Figure 2.  The Convergence of t h e  Numerical Procedure.  

Represen ta t ion  of the  F i r s t  I t e r a t i o n  Steps f o r  A 45-Degree Cone 
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Figure 3 .  The Pressure  Di s t r ibu t ion  Along the  Disk i n  Normal Flow 

For CpB = 0 and A Drag Coef f i c i en t  of CD = .824 
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(a )  The Free S t r eaml ine  i n  t h e  Neighborhood of  sB 

Figure 4.  The Free S t r eaml ine  I n  Plane and Axisymmetric Flow 

About a Disk f o r  a Base P res su re  C o e f f i c i e n t  of CpB = 0 
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(b) The Asymptotic Representation of the Curvature and the Second Derivat ive of the Radius of 
the Free Streamline i n  the Vic in i ty  of the Separat ion Point of the  Disk 

Figure 4 .  (Continued) 
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(a) The F ree  S t r eaml ine  of t h e  Half-Cavi ty  (Riabouchinsky Model) 

.o 1.5 

(b)  The P r e s s u r e  C o e f f i c i e n t  on t h e  F ron t  Side of the  Disk 

Figure 5. The Geometry of t he  Cav i ty  and the  P res su re  D i s t r i b u t i o n  

of t h e  Disk (Riabouchinsky Model). CD = 1.015 
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Figure  6 .  	 The Drag C o e f f i c i e n t  of D i f f e r e n t  Cones as A Funct ion of The 

Base P res su re  C o e f f i c i e n t  (Water Tunnel T e s t s )  [16 ]  
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Figure 7 .  Drag C o e f f i c i e n t s  and Pressure  D i s t r i b u t i o n s  of 

Disks f o r  High Base P res su re  C o e f f i c i e n t s  (Di s s ipa t ion  Mode l )  
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Figure 8. The Cavi ty  Behind a Disk f o r  Cpg = -.188 [221 
(Water Tunnel Tes t )  
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Figure 9. Comparison of t he  S t reaml ine  $ = 0 Obtained from 

Wind Tunnel Tes t s  and Theory f o r  A Disk w i t h  CpB = -.41 
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Figure  10. Schematic Represen ta t ion  of the  

Sepa ra t ion  Po in t s  from a Sphere 
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Figure  11. The Free S t reaml ine  i n  the  Immediate V i c i n i t y  of 

t h e  Smooth Sepa ra t ion  P o i n t  of A Sphere f o r  CpB = 0 
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(a )  Pressure  D i s t r i b u t i o n  

d s  

(b) Der iva t ive  of the  Radius w i t h  Respect  t o  s 

S I R  

(c )  Curvature  of the  Free  S t reaml ine  

Figure 1 2 .  Represen ta t ion  of the  P o s s i b i l i t i e s  of 

Sepa ra t ion  Close t o  the  P o i n t  of Smooth Sepa ra t ion  
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Figure 13. The Curva ture  of the Free S t r eaml ine  r2 f o r  D i f f e r e n t  

Sphere Sepa ra t ion  Angles gS and Base P res su re  C o e f f i c i e n t s  cpB 
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Figure 14a. The Free Streamline f o r  the Rearward Separat ion from A Sphere 
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Figure  15a. The Poss ib l e  Wake Forms f o r  the  

Sepa ra t ion  Angle las = 130 Degrees 
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Figure 15b. The Drag C o e f f i c i e n t s  of the  Sphere f o r  

D i f f e r e n t  Sepa ra t ion  Angles S i n  the  Region S ( smooth) -K 
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Figure  1 7 .  The P res su re  D i s t r i b u t i o n  Around A Sphere f o r  

Laminar and Turbulent  Flow Sepa ra t ion  ( D i s s i p a t i o n  Model) [ 271 
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Figure  18. The Drag C o e f f i c i e n t  and the  Sepa ra t ion  Angle of A 

Sphere a s  A Funct ion  of the Base P res su re  [ 2 4 ]  
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Figure 1 9 .  	 The Asymptotic Represen ta t ion  of the Curvature and the  Second Der iva t ive  of t he  

X-coordinate of the  Free Streamline i n  the  Immediate V i c i n i t y  of t he  Separat ion 

P o i n t  of A Sphere gS = ~ f 2  



Figure  20. The L i f t  Grad ien t  of Cones as A Funct ion  of t h e  

Half-Angle /3 and t h e  Base P r e s s u r e  CpB 
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Figure  21. Drag, L i f t  and Moment C o e f f i c i e n t s  f o r  D i f f e r e n t  Cones 

A s  A Funct ion of t he  Angle of A t t ack  f o r  CpB = -.l [25] 
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Figure  22.  L i f t  and Drag C o e f f i c i e n t s  of 

f o r  D i f f e r e n t  Base P res su res  w i t h  a as 
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Figure  23. L i f t  and Drag 
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C o e f f i c i e n t s  of a 45-Degree Cone 

f o r  D i f f e r e n t  Base P res su res  with a as  Parameter [25] 
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Figure  24. L i f t  and Drag C o e f f i c i e n t s  of a D i s k  f o r  D i f f e r e n t  

Base P res su res  w i t h  a as Parameter [25] 
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(a) The Dimensionless Angle of A t t a c k  D i s t r i b u t i o n  Along Cone Wakes 

a :  

(b) The S h i f t e d  Wake 

F igure  25. The T h e o r e t i c a l  Angle of A t t ack  D i s t r i b u t i o n  

and the  S h i f t e d  wake f o r  Two Cones 
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(a )  The Inc l ined  Cone, a = 10  Degrees 

(b) The Axisymmetric Flow About A Cone 

Figure 26. The Shadowgraph of the  Flow About A 50-Degree Cone 

With A Superimposed St reaml ine  f o r  CpB = - . 4  (Di s s ipa t ion  Model) 
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(a) The Inclined Cone, a = 10 Degrees 

(b) The Axisymmetric Flow About the Cone 


Figure 27. The Shadowgraph of the Flow About A 15-Degree Cone 
with A Superimposed Streamline for C

PB 
= - . 3 2  
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APPENDIX A 


THE EVALUATION OF THE ELLIPTIC INTEGRALS 


I n  t h e  e v a l u a t i o n  of the  s u r f a c e  i n t e g r a l s ,  we o f t e n  encounter  t he  
i n t e g r a l  expres s ions  

Fn(k2) = (-1) d v  9 

[1-k2sin (pI1/'
0 

For the  nominator we choose t h e  expansion 

cos (2ncp) = cos cp - z (n-1) cp + ( '4" ).sin49 cos 2 (n-2) 
cp . * . ,  

(A. 3 )  

which, a f t e r  i n t e g r a t i o n ,  y i e l d s  f o r  t he  e x p r e s s i o n  ( A . l )  t he  terms 

k2
Fo(k2) = K(k2) - Go(k2) - 7 [G,(k2) + Go(k2)] (A .  4 )  

and 

2 2 k2 
-F l ( k 2 )  = (z1) K(k2) -zE(k2)  = - G1(k2) +.- 2 [G1(k2) + Go(k2)].  

For the  e l l i p t i c  i n t e g r a l  ( A . 2 ) ,  we o b t a i n  f o r  n = 0 ,  1, and 2 ,  f i n a l l y :  

+12+ ,2 E(k2) - i2k'2+6(l+k'2)+2 > K(k2)I1+k'21­k 

2
where k' = 1 - k2. 
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APPENDIX B 

The Asymptotic Development of the Integrals 

I n  the  v i c i n i t y  of s + G ,  t he  modulus k2  approache u n i t y ,  d 
t h e  e l l i p t i c  i n t e g r a l s  have f o r  k t 2  S .5  the  s e r i e s  expansion 

k f 2  63 925K(k2) = - -
4 

- -k f 4  - -k 1 6  - ... + I n  ( 4 / k ' )  [l + k t 2  
384 7 680 

7 

k I 2  39E(l<2) = 1 - -
4 

- -k14 - 90 k16 - . . .  + 1n(4 /k1) !Y  + 5 k '  2192 640 3 

15+ -128 k '  6 + ...] , 
where k I 2  = 1 - k2. 

We a r e  a b l e  now t o  determine t h e  f i r s t  terms of Gn(k2) w i t h  
t h i s  s e r i e s  expans ion: 

Go(k2) = -1 1 - -
4
1 k f 2  - -13 k '  4 - -81 k 1 6  ... + l n ( 4 / k '  ) (i k'  

k t 2  L 
64 576 

+ -3 k '  4 + -15 k '  6 + ...\ ,16 1 2 8  1 

= 1 1 1  + I k" + 115 k f 4  + 1026 k V 6+ ... - l n ( 4 / k 2 )  ($k f 2~ ~ ( k ~ )  4 64 576k f 2  L 

2 1  k ' 4  + -165 k 1 6  + ...1 
+16 128 /' 

( equa t ion  (B.2)  continued on nex t  page) 
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63 1907 k f 4 ,  25299 k l  6 + ,..Gz(k2) = -1 ;  1 + - k' 2 + ­
k f 2  L 4 64 576 

285 3585- l n ( 4 / k ' )  (y k f 2  + -k f 4  I 
128  

k 1 6  + ...).16 

I n  g e n e r a l ,  one can r e p r e s e n t  t h e  e l l i p t i c  i n t e g r a l s  f o r  k" 5 .5  by  
t h e  summation formulas 

and 

The previous equa t ions  a r e  n o t  s u i t e d  f o r  t he  r e g i o n  of v e r y  s m a l l  k2. 
The summation formulas f o r  determining K ( k 2 )  and E(k2) a r e  t h e r e f o r e  
d i f f e r e n t :  
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m 

k2" n ! -
K(k2) = rc r l  +l- (v-1) (i+ p).] = 5 L1 + Clk2 + C2k4 + ...1IT 

2 1  
v = l  

v! v! p=O 

and (B. 4 )  

A f t e r  t he  s e r i e s  have been determined,  we i n s e r t  the  c o e f f i c i e n t s  of 
K(k2) and E(k2) i n t o  the  equa t ion  (A.5) and o b t a i n  f o r  t he  r eg ion  
k2 5 .5 

TIkT2G2(k2) = 7 (16[d4-C,]-8[2d3-3C3] + d2-8C2)k4 + (16[dS-C5] 
L 

The Asymptotic Development of the  Velocities for Small Cone Angles 

For very  s m a l l  cone angles  (f3 5 1 5 " ) ,  t h e  s e r i e s  approxima­
t i o n s  der ived  i n  c h a p t e r  I V . 2 ,  a r e  no t  very  w e l l  s u i t e d  f o r  t h e  d e t e r ­
mina t ion  of t h e  v e l o c i t y  components. For i n s t a n c e ,  t h e  loga r i thmic  
terms of t h e  v e l o c i t y  components become very  l a r g e  f o r  smal l  r ( s ) ;  
whereas,  f (s,a) d i sappea r s  r a t h e r  r a p i d l y  w i t h  i n c r e a s i n g  0 .  A s p e c i a l  
s e r i e s  approximation w a s  t h e r e f o r e  a d v i s a b l e  f o r  smal l  cone a n g l e s .  

We s e t  aga in  t: = a-s. For a cone, t h e  fo l lowing  r e l a t i o n s  
hold:  r = r ' s ,  p = r ' a ,  and x = x ' s ,  5 = x ' a .  
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The e l l i p t i c  modulus k r 2  becomes now 

which i s  i n s e r t e d  i n t o  (B.l) and w i t h  ( A . 5 ) ,  w e  o b t a i n  f i n a l l y  

E 2 + 4 r ' s  ( s+e)  - 1.+ 1. 8 r ' s  
G o ( k 2 )  = � 2  4 2 - j q - *  

G1(k2) = ~ ~ + 4 r ' s ( s + e )  7 3 8 r ' s+z- 5 In  l-7- * 
E 2  

G 2 ( k 2 )  N 
2+4r s S+E + 63 - 15 I n  

For s i m p l i c i t y ,  we r e t a i n  t h e  argument of t h e  l o g a r i t h m i c  terms. 

We now in t roduce  t h e s e  expres s ions  i n t o  t h e  in t eg rand  of t h e  
un -ve loc i ty  component and o b t a i n  t h e  s e r i e s  

2
where x = + 4r '  s ( s + E ) .  I n  t h i s  expansion,  a l l  terms which were pro­
p o r t i o n a l  t o  E were dropped. The i n t e g r a l  w i t h  t h e  s u b s t i t u t i o n  

% 2 
= (sE - s l 2  + 4r '  ssE 

f i n a l l y  becomes 

( equa t ion  (B.8) continued on nex t  page) 
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2
r" (s 

E
+s) s -s+2r '  

-I-I n  I 
(sE-s) (1-r') 

I ]+ q h ( s )  2 r ' s  I n  I E 

2 r '  2s 
s + " z l ]  } , (B.8)  

Next, we develop t h e  vn-component i n t o  a s e r i e s  

The i n t e g r a t i o n  of t h i s  expres s ion  y i e l d s  

s- -s  ­

+ 2r t21n  I s E- s + ~ r ' ~ s <  
I + -

1 s E -s+2r' s 8 r ' s  ) 
2r"s JsE-SJ/ 

(B. 10)  

For the  c i r c u m f e r e n t i a l  v e l o c i t y  component wn, we o b t a i n  

(B. 11) 
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and i n t e g r a t i n g  t h i s  term, we can w r i t e  

(B.  12) 

With the  a i d  of t he  preceding expansion f o r  t h e  p e r t u r b a t i o n  v e l o c i t i e s ,  
we o b t a i n  the  normal component V N ( S )  as 

(B.13) 

Thc. inteTra1. i s  

(B.14)  
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S i m i l a r  express  ions  f o r  t h e  t a n g e n t i a l  v e l o c i t y  VT(S) a r e  

-S 


+ I n  I 
r f ( s  +SI -

+ -
r l  yrE-s+2r' s 

(1+2n-1nE
(sE-s)(1-r' ) L % 

(B. 15 )  

A f t e r  a c l o s e r  i n s p e c t i o n  of t h e s e  t e r m s ,  w e  n o t i c e  t h a t  they  a r e  n o t  
s u i t e d  f o r  de te rmining  the  v e l o c i t i e s  around a b l u n t  cone ( d i s k ) ,  s i n c e  
r '  + 1 and x' + 0. 
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APPENDIX C 
THE COORD INATE TRANSFORMATION OF THE VELOC ITIES 

For t h e  t a n g e n t i a l  and normal v e l o c i t y  components on a s t r e a m l i n e ,  
we f i n d  t h e  fo l lowing  r e l a t i o n s :  

vT = ( l+uo)xl  - vor l  (c. 1) 

and 

vN = - ( l+uo) r '  + vox1.  (C. 2) 

C e r t a i n  r e l a t i o n s h i p s  e x i s t  between the  d e r i v a t i v e s  of  t he  s t r e a m l i n e  
and i t s  cu rva tu re :  

and 

Ifwe d i f f e r e n t i a t e  t he  normal v e l o c i t y  w i t h  r e s p e c t  t o  t h e  a r c  l e n g t h  
of a l i n e  on which VN does no t  d i s a p p e a r ,  we o b t a i n  

dv
vN 0 

- = - -
d s  r 1  - (l+uo)r" + x1 -+ v x".

d s  d s  0 

With (C.3) and (C.4) the  r e l a t i o n  

( l+uo)r t t  = (l+u0)x1K; vox" = -v 0r ' ~  (C. 6 )  

i s  obta ined .  I n s e r t i n g .  t h i s  r e l a t i o n  - i n t o  ( C . 5 )  and expres s ing  t h e  
t o t a l  d i f f e r e n t i a l s  by t h e  p a r t i a l  one,  

au0du -
X I  + -r1 (C.7)d s  ax ar 

135 


I l 1 1 1 l l l l 1 1 l l  




- -  

and 

y i e l d s  f i n a l l y ,  w i t h  auo/ar  = avo/&, 

D i f f e r e n t i a t i n g  equa t ion  (C. l ) ,  we o b t a i n ,  w i t h  t h e  same r e l a t i o n s ,  
t h e  change of t h e  t a n g e n t i a l  equa t ion  a long  s :  

i3U aUdVT - x  l 2  2+ 2 x ' r '  -0 + r ' -av 0 

d s  ax ar ar * 

Very s imple r e l a t i o n s  a r e  obta ined  a f t e r  a coord ina te  t r ans fo rma t ion  
f o r  equa t ions  ( C . 8 )  and ( C . 9 ) .  A r e c t a n g u l a r  coofd ina te  system ? and 

has  i t s  o r i g i n  a t  t h e  s e p a r a t i o n  p o i n t  SB. The ?-coordinate  is  
o r i e n t a t e d  t a n g e n t i a l l y ,  and the  ; -coordinate  is  normal t o  t h e  f r e e  
s t r eaml ine .  The normal 7 i s  p o s i t i v e  i f  i t  p o i n t s  t o  t h e  o u t s i d e  f low 
f i e l d  (or  t o  t h e  l e f t  of t h e  s t r e a m l i n e ) .  

The t r ans fo rma t ion  equa t ion  i s  

(x-x B ) = x ' ?  - r ' 7 ;  ( r - r  B) = r ' ?  + x';. ( C .  l o )  

The d e r i v a t i v e s  of  the  v e l o c i t y  p o t e n t i a l  cp(x,r) w i t h  r e s p e c t  t o  
the  coord ina te s  ? and a r e  

and ( C .  11) 
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If we r e p l a c e  i n  equa t ion  ( C . l l )  the p a r t i a l  d e r i v a t i v e s  by the t o t a l  
d e r i v a t i v e s  of the s t r e a m l i n e ,  

(C. 1 2 )  

we w i l l  o b t a i n  the  p a r t i a l  d e r i v a t i v e  of the  p o t e n t i a l  w i t h  r e s p e c t  t o  
the  body coord ina te s  x and r: 

( C . 1 3 )  

and 

The n e x t  h ighe r  d e r i v a t i v e s  a r e  
/ 

The change of the normal v e l o c i t y  a long  t h e  a r c  l e n g t h  i s  obta ined  by 
i n s e r t i n g  t h e s e  expres s ions  i n t o  equa t ions  (C.8) and (C .9 ) :  

-+ VTK = (C. 15)dVN 
d s  a m  
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I f  t he  g e n e r a l  l i n e  i s  a s t r e a m l i n e ,  then the  c o n d i t i o n s  VN = 0 and 
dVN/ds  = 0 ho ld ,  and equa t ion  ( C . 1 5 )  becomes 

(C. 16)  

The change of t h e  t a n g e n t i a l  v e l o c i t y  a long s becomes a n  i d e n t i t y :  
dVT/ds  = d2(p/ds2. 

We cons ide r  now the  t a n g e n t i a l  and normal v e l o c i t y  of t h e  body i n  
normal flow. The t a n g e n t i a l  v e l o c i t y  is  

v T l  
= ulxr + (a  + v l ) r I ,  (C. 17)  

and the  normal v e l o c i t y  can be w r i t t e n  as 

v N 1  - -ulrI + (a + v I ) x ’ .  (C.  18)  

The t o t a l  d e r i v a t i v e  of t he  normal v e l o c i t y  w i t h  r e s p e c t  t o  s is  w i t h  
the  r e l a t i o n s  mentioned above 

(C. 19)  

The t h i r d  term on the  l e f t  s i d e  van i shes  i f  t he  ang le  of a t t a c k  a i s  
c o n s t a n t  along the  body. 
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APPENDIX D 
THE ERROR INTRODUCED BY NEGLECTING THE INFINITE WAKE 

I n  a l l  cases  i n  which we employ models w i t h  an i n f i n i t e  wake and 
t r u n c a t e  the  wake a f i n i t e  d i s t a n c e  downstream of the  s e p a r a t i o n  p o i n t  
a t  sE we in t roduce  an e r r o r .  This e r r o r  w i l l  d e f i n i t e l y  i n c r e a s e  w i t h  
decreas ing  d i s t a n c e  of the  end p o i n t  SE from t h e  s e p a r a t i o n  p o i n t  SB. 
However, s i n c e  we s p e c i f y  the  p r e s s u r e  d i s t r i b u t i o n  a long  the f r e e  
s t r e a m l i n e ,  the  e r r o r  w i l l  n o t  i n f l u e n c e  t h e  v e l o c i t y  d i s t r i b u t i o n  t o  
any e x t e n t  on t h e  forebody and t h e r e f o r e  the  drag of the body; b u t  it 
w i l l  i n f l u e n c e  the  p o s i t i o n  of t h e  f r e e  s t r e a m l i n e ,  the  source s t r e n g t h  
q n ( s ) ,  the  p e r t u r b a t i o n  p o t e n t i a l ,  and i n  the normal flow case ,  t h e  
angle  of a t t a c k  d i s t r i b u t i o n .  

The e s t i m a t i o n  of t h e  magnitude of the  e r r o r  i s  our nex t  g o a l .  
Some s impl i fy ing  assumptions a r e  made f o r  t h i s  purpose: 

(a )  The wake downstream of the  t r u n c a t i o n  p o i n t  sE i s  c y l i n d r i c a l ,  

p = rE = const .  

and t h e r e f o r e  , 

0 = 6 + cons t .  

(b) The source  s t r e n g t h  a long  the t runca ted  wake a t t e n u a t e s  
according t o  a simple l a w  

where k i s  no t  n e c e s s a r i l y  an i n t e g e r .  

The assumption ( a )  is  exac t  f o r  the d i s s i p a t i o n  model. For t h e  
Helmholtz model where VT(S) = 1 on r2, ( a )  i s  on ly  an approximation. With 
r e s p e c t  t o  assumption ( b ) ,  we should mention t h a t  Levinson determined 
i n  r e f e r e n c e  17 the asymptot ic  shape of r2 as 
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where C* r e p r e s e n t s  a c o n s t a n t  which can be brought  i n t o  a r e l a t i o n  
w i t h  the drag of t h e  body. For s l e n d e r  bod ie s ,  we can assume t h a t  

The source d i s t r i b u t i o n  qo(x)  vanishes  w i t h  about  l/&x. On the o t h e r  
hand, we n o t i c e ,  a f t e r  a c l o s e  i n s p e c t i o n  of  t a b l e  1, t h a t  the  exponent 
f o r  a c y l i n d r i c a l  wake is k 2 8. 

I n  a l l  c a s e s ,  f o r  t h e  p o t e n t i a l  as w e l l  as f o r  t h e  v e l o c i t y  com­
ponent, an i n t e g r a l  of the  form 

must be c a l c u l a t e d .  I n  o rde r  t o  c a r r y  out  the  i n t e g r a t i o n  along a 
f i n i t e  d i s t a n c e ,  the  i n t e g r a l  boundaries have t o  be sub jec t ed  t o  a 
t r ans fo rma t ion .  We t h e r e f o r e  s e t  

and 

a2 = (r+rE)* + x2, 

x = q2a2 - 2xq + 1, 

With these  s u b s t i t u t i o n s ,  we o b t a i n  the expres s ion  

( E - x ) ~+ (r+rEl2= 7
1 

[-q2a2 - 2x7 + 11 - 21 
X,

11 7 

140 



and the  e l l i p t i c  modulus becomes 

k2 = 
4 r r  

E 
q2 

v2a2 - 2x7 + 1 = 4rrEq2/x .  

We s t a r t  w i t h  the  e v a l u a t i o n  of the p o t e n t i a l .  For the model w i t h  
an  i n f i n i t e  wake t h e  p e r t u r b a t i o n  p o t e n t i a l  i s  

The cor responding  expres s ions  f o r  t he  p e r t u r b a t i o n  v e l o c i t i e s  a r e  

0 
I "  

0 
 (D.10) 
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(D.11)  

The a d d i t i o n a l  t a n g e n t i a l  v e l o c i t y  component nVT = nunx' + nvnr' i s  

(D.12) 


The a d d i t i o n a l  normal v e l o c i t y  component nVN = -nu r '  + Avnx',
nwhich is  induced by t h e  neg lec t ed  p a r t  of t h e  wake, i s  g i v e n  as 

n 

(D.13)  

We r e p l a c e  the  e l l i p t i c a l  i n t e g r a l s  i n  equa t ions  (D.8) through 
(11.13) by t h e i r  r e s p e c t i v e  s e r i e s  from appendix B and cons ide r  o n l y  
t h e  f i r s t  few s i g n i f i c a n t  terms: 
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Fo(k2) = 2 (1 + + ...) 

F1(k2) = 2 84(E+ 
O W *  ) 

Go(k2) = 2 (1 + k2 + ...) (D. 14) 

IIG2(k2) = y (O(k4) + ...). 

I f  we assume t h a t  t he  expres s ion  f o r  X i s  only  a l i t t l e  d i f f e r e n t  than  
u n i t y  ( X  = l ) ,  we can develop t h e  e x p r e s s i o n . f o r  X i n t o  a s e r i e s .  We 
o b t a i n  

1 3 
- N  

x3/2 - 1 - -2 (a2q2) + 3x7 + ... . ( D . 1 5 )  

We determine t h e  a d d i t i o n a l  normal v e l o c i t y  AV,(S) on r2 i n  t h e  v i c i n i t y  
of t he  s e p a r a t i o n  p o i n t  by i n s e r t i n g  the  expansions (11.14) and (11.15) 
i n t o  (D.13). The most impor tan t  term under t h e  i n t e g r a l  i s  then  

k 'E
qn(x >r  x 

AV,(S) = E 
fi 

E E 5 $ ( r l  + [ x ' r - r ' x ] q ) ( l  + 3x7) d q .  (D.  16) 

0 

The i n t e g r a t i o n  of t h i s  expres s ion  and i n s e r t i n g  the  proper  i n t e g r a t i o n  
boundaries  y i e l d s  t h e  a d d i t i o n a l  normal v e l o c i t y  
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qn(XE)rE rrl- . - +  1 x ' r  + 2 r ' x  + ...I . 
(D. 1 7 )

2 Lk+l xE (k+l) x: -

For v e r y  large xE, we can a l s o  n e g l e c t  the second term w i t h i n  the b r a c k e t s .  

(D. 18) 

The e r r o r  is  thus p r o p o r t i o n a l  t o  t h e  s o u r c e  s t r e n g t h  a t  xE and i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  d i s t a n c e  XE and the  exponent k of t h e  a t t e n u a t i o n  of 
t h e  sou rce  s t r e n g t h .  
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